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Forward Algorithm

1. Initialization

2. Induction

3. Termination
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Backward Algorithm

Bi(i)) = P(01 41042 - - -0T|4t = i, A)

1. Initialization
Br(i) = 1, i<t < N

2. Induction
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Probability Functions for Local State Estimation
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HMM: State Estimation, Viterbi Algorithm

()= max Plq1q2...q:1—1, ¢ =1, 0102...0;|]A]
qdi,92,---qr—1

1. Initialization

61(1) = mibi(0y), I'sas N

Y1(0) = 0.
2. Recursion
_ : 2 =t =
§,(j) = lrglang[&_l(z) a;jlbj(o,), I<i<N
o . 2=t=<T
w[(/) = arg lrgiag)sv[ét—l(l) aij]~ 1 S.] S N.
3. Termination Viterbi Score

CEERMOT P =pr0)Q,A)
qr = arg max [67()]

4. Path (state sequence) backtracking

q; = Yr1(qr41), =T =0T =2 .1




Example of State Estimation via Viterbi Algorithm

Given the model of the coin-toss experiment used in Exercise 6.2 (i.e., three different coins;
with probabilities
State 1 State 2 State 3

P(Oh) <—pPH) 05 055 0z
, / PT) 05 0.25 0.75_

Giiz V3
and with all state transition probab‘u_ities/ dqual to 1/3, and with initial probabilities equal to
1/3, for the observation sequence
! 2

s O=HHHHTHTTTT)

find the most likely path with the Viterbi algorithm.

Solution 6.3 -— 5

Since all a; terms are equal to 1/3, we can omit these terms (as well as the initial state
probability term), giving 1 e

M .
.2 (1) =05, 6(2)=075 5(3)=0.25.
% 2

The recursion for &(j) gives (2 < ¢ < 10)

e :—\df,‘] b{;(:},)

2 &) =(0.75X03), &) =(0.757, 62(3) = (0.75X0.25)
2 &) =(0.75%0.5), 62 =/(0.75), 83(3) = (0.75%(0.25)
2 &) =(0.757(0.5), &) = (0.75)", 84(3) = (0.75)°(0.25)
3 &(D) =(0.79%0.5), &5Q) = 0.75)%0.25),  65(3) = (0.75)°

< &(1)'=(0.75°0.5), 65(2) = (0.75)°, 86(3) = (0.75)°(0.25)
3 &(1) =(0.75%0.5), ()= 0.75°(0.25),  6:(3) = (0.75)’

3 &)= (0.75)'(0.5), 6(2) = (0.75)(0.25), 6&(3) = 0.75*

S s(l)= 0.75%(0.5), 6(2) = (0.75°0.25), &(3)=(0.75)°
3 b0l =0.75°0.5), 502 = (0.75°0.25), @) = 0.75)°

This leads to a diagram (trellis) of the form:

3 e

State 2

1 2 3 4 5 6 7 8 9 10 -
{ : Observation Time

Hence, the most likely state sequence is {2,2,2,2,3,2,3, 3,3,3}




Probability Functions for HMM Parameter Estimation - |
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Probability Functions for HMM Parameter Estimation - ||
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Z v:(f) = expected number of transitions from state ; in O
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Reestimation of HMM Parameters

Tp= expected frequency (number of times) in state i
£  attime(t=1) = (@)
expected number of transitions from state i to state j

W= expected number of transitions from state i
T—1
D &)
_ =1
T-1
> )
=1
Bk) = expected number of times in state j and observing symbol v,
A expected number of times in state j
T | .
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- O, ) 2 Q(X, M) = P(O|)) 2 P(O|X)
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Figure 6.9 Equivalence of a state with a mixture density to a
multistate smg]e-densny distribution (after Juang et al. [21]).
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HMM Parameter Estimation for Continuous Densities
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LPC Processor for Speech Recognition
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Figure 6.13 Block diagram of an isolated word HMM recognizer (after Rabiner [38]).
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Figure 6.14 Average word error rate (for a digits vocabulary) versus the number
of states NV in the HMM (after Rabiner et al. [18]).
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Figure 6.16 Average word error rate as a function of the minimum discrete density
value ¢ (after Rabiner et al. [18]).



Probability Distributions of Cepstral Coefs of /zero/
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Figure 6.15 Comparison of estimated density (jagged contour) and model density (smooth contour)
for each of the nine components of the observation vector (eight cepstral components, one log energy
component) for state 1 of the digit zero (after Rabiner et al. [38]).




Dynamic Time Warping
(DTW)
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ISOLATED WORD RECOGNITION by DT W - template watching.
| B (Rakurat , 1975 ).
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Fig. 9.18 An exampile of the eﬂ‘ects of time warping on a speech mlen-
sity contour. (Afier Rosenberg [13).)



TABLE 6.1. Average Digit Error Rates for Several Recognizers
and Evaluation Sets

Evaluation Set
Recognizer Original

T Training TS2 TS3 TS4
LPC/DTW 0.1 0.2 2.0 1.1
LPC/DTW/VQ - 3.5 - -
HMM/VQ - 3.7 - -
HMM/CD 0 0.2 1.3 1.8
HMM/AR 0.3 1.8 34 4.1

TS2 The same 100 talkers as were used in the training; 100 occurrences

of each digit
TS3 A new set of 100 talkers (50 male, 50 female); 100 occurrences
of each digit
TS4 Another new set of 100 tatkers (50 male, 50 female); 100 occurrences
of each digit
LPC/DTW Conventional template-based recognizer using dynamic time warping
(DTW) alignment
LPC/DTW/VQ Conventional recognizer with vector quantization of the feature vectors
(M = 64)
HMM/VQ HMM recognizer with M = 64 codebook
HMM/CD HMM recognizer using continuous density model with M = 5 mixtures
per state '

HMM/AR HMM recognizer using autoregressive observation density



HMM (Hidden Markov Models)
0, 0y §)

0,

Observed O,
Outputs

(O ... Os) by l)
A

o o e o o e o o e

{bii) =P(O, ] 5) }

Hidden
States

(S ... S31)

1=1,2,3,...: Discrete Time

0= (0,0,,..,0;) : Observation Sequence
« T = Length of Observation Sequence

N = Number of States

* M = # of Observation Symbols / Mixtures

« States 51,52,-.-,SN

5

HMM: A= (A, B, x)

-A= [a;], a;=Pr S;att+l|S; att

State Transition Probability Matrix

. B= byk), bjk)=Pr v, att|S;att

Observations Probability Distributions

-mwt= m ,m=Pr g att=1

Initial State Probability



Problems to Be Solved in HMM

* Problem 1: Classification — Scoring (Forward-Backward Algorithm)

Given an observed sequence O =(O,,0,,...,0;) and a model i=(=, A, B),
compute likelihood Pr(O|A4)

* Problem 2: State Estimation (Viterbi Algorithm)
Given an observed sequence O =(0,,0,,...,0;) estimate an optimum
state sequence Q =(9,,9,,---,9;) and compute the score Pr(0,Q" | 1)

* Problem 3: Training (EM Algorithm)
Given an observed sequence Q = (0,,0,,...,0,) adjust model
parameters A=(m, A, B) to maximize likelihood Pr(O|A)




