EJNIKO METSOBIO POLUTEQNEIO

SQOLH HLEKTROLOGWN MHQANIKWN KAI MHQANIKWN UPOLOGISTWN TOMEAS SHMATWN, ELEGQOU KAI ROMPOTIKHS

TaqeÐc Algìrijmoi gia thn Exèlixh Gewdaitikÿn Energÿn PerigrammĹtwn me Efarmogèc sthn ’Orash Upologistÿn

DIPLWMATIKH ERGASIA tou GewrgÐou N. Papandrèou

Epiblèpwn: Pètroc A. Maragkìc Kajhghtăc E.M.P.

Ajăna, Oktÿbrioc 2003

EJNIKO METSOBIO POLUTEQNEIO

SQOLH HLEKTROLOGWN MHQANIKWN KAI MHQANIKWN UPOLOGISTWN TOMEAS SHMATWN, ELEGQOU KAI ROMPOTIKHS

TaqeÐc Algìrijmoi gia thn Exèlixh Gewdaitikÿn Energÿn PerigrammĹtwn me Efarmogèc sthn ’Orash Upologistÿn

DIPLWMATIKH ERGASIA tou GewrgÐou N. Papandrèou

Epiblèpwn: Pètroc A. Maragkìc Kajhghtăc E.M.P.

EgkrÐjhke apì thn trimelă exetastikă epitropă stic 23 OktwbrÐou 2003.

........................................

Pètroc Maragkìc Kajhghtăc E.M.P.

........................................ Geÿrgioc PapakwnstantÐnou Kajhghtăc E.M.P.

........................................ KwnstantÐnoc Tzafèstac Lèktorac E.M.P.

Ajăna, Oktÿbrioc 2003.

................................... Geÿrgioc N. Papandrèou DiplwmatoÔqoc Hlektrolìgoc Mhqanikìc kai Mhqanikìc Upologistÿn E.M.P.

Copyright © Geÿrgioc N. Papandrèou, 2003. Me epifÔlaxh pantìc dikaiÿmatoc.All rights reserved.

ApagoreÔetai h antigrafă, apojăkeush kai dianomă thc paroÔsac ergasÐac, ex oloklărou ă tmămatoc autăc, gia emporikì skopì. Epitrèpetai h anatÔpwsh, apojăkeush kai dianomă gia skopì mh kerdoskopikì, ekpaideutikăc ă ereunhtikăc fÔshc, upì thn proôpìjesh na anafèretai h phgă proèleushc kai na diathreÐtai to parìn mănuma. Erwtămata pou aforoÔn th qrăsh thc ergasÐac gia kerdoskopikì skopì prèpei na apeujÔnontai proc to suggrafèa.

Oi apìyeic kai ta sumperĹsmata pou perièqontai se autì to èggrafo ekfrĹzoun to suggrafèa kai den prèpei na ermhneujeÐ ìti antiproswpeÔoun tic epÐshmec jèseic tou EjnikoÔ Metsìbiou PoluteqneÐou.

gewdaisÐa(h): klĹdoc twn efarmosmènwn majhmatikÿn pou asqoleÐtai me th mètrhsh tou embadoÔ kai tou sqămatoc megĹlwn ektĹsewn miac qÿrac, ton akribă prosdiorismì twn gewgrafikÿn suntetagmènwn kai thn kampulìthta, to sqăma kai tic diastĹseic thc găinhc sfaÐrac.

gewdaÐthc (o), gewdaitikìc, -ă, ì, gewdaitikÿc epÐrrhma.

[ETUM. arqaÐa lèxh < gew- (gh) + -daisÐa < daÐomai <<diamoirĹzw, qwrÐzw>>. ParĹbale sundaithmìnac, pandaisÐa.]

(Apì to Lexikì thc Nèac Ellhnikăc tou G. Mpampiniÿth)

PerÐlhyh

Sto epÐkentro autăc thc diplwmatikăc ergasÐac eÐnai h taqeÐa epÐlush merikÿn diaforikÿn exisÿsewn pou brÐskoun efarmogă sthn ’Orash Upologistÿn, me èmfash sthn exÐswsh exèlixhc twn gewdaitikÿn energÿn perigrammĹtwn kai sthn exÐswsh anisotropikăc diĹqushc jermìthtac. MetĹ apì mia sÔntomh anaskìphsh twn montèlwn twn gewdaitikÿn energÿn perigrammĹtwn kai qÿrwn klÐmakac apì anisotropikă diĹqush jermìthtac, exetĹzoume basikèc mejìdouc arijmhtikăc anĹlushc gia merikèc diaforikèc exisÿseic, me èmfash sthn anĹlush eustĹjeiac me th mèjodo tou pÐnaka kai sta arijmhtikĹ sqămata pou qrhsimopoioÔntai eurèwc gia thn exèlixh epipedosunìlwn. To prokatartikì mèroc thc ergasÐac sumplhrÿnetai me thn parousÐash thc mejìdou pollaplÿn plegmĹtwn gia thn apodotikă epÐlush araiÿn grammikÿn susthmĹtwn. Oi idèec autèc mac odhgoÔn se nèouc taqeÐc algorÐjmouc gia thn exÐswsh exèlixhc twn gewdaitikÿn energÿn perigrammĹtwn. Oi algìrijmoi autoÐ prokÔptoun me qrăsh implicit arijmhtikÿn sqhmĹtwn, eÐnai eustajeÐc dÐqwc periorismoÔc sto qronikì băma kai èqoun praktikĹ O(N) poluplokìthta, qĹrh sth qrăsh mejìdwn pollaplÿn plegmĹtwn gia thn epÐlush twn grammikÿn susthmĹtwn pou prokÔptoun. H jewrhtikă anĹlush twn proteinìmenwn algorÐjmwn odhgeÐ sthn anakĹluyh miac shmantikăc susqètishc tou montèlou twn gewdaitikÿn energÿn perigrammĹtwn me mejìdouc tomăc grĹfwn pou qrhsimopoioÔntai ta teleutaÐa qrìnia sthn ’Orash Upologistÿn gia katĹtmhsh eikìnwn.

Lèxeic–kleidiĹ

ìrash upologistÿn, epexergasÐa eikìnac, gewdaitikĹ energĹ perigrĹmmata, mèjodoi pollaplÿn plegmĹtwn, anisotropikă diĹqush, tomèc grĹfwn, qÿroi klÐmakac, epipedosÔnola, merikèc diaforikèc exisÿseic, anĹlush eustĹjeiac, grammikĹ sustămata, taqeÐc algìrijmoi

Abstract

This diploma thesis deals with the fast solution of partial differential equations often encountered in computer vision. Emphasis is put on the equation of geodesic active contours evolution and on the anisotropic diffusion equation. After a brief review of the computer vision models connected with these equations, namely the geodesic active contours and the diffusion scale-space models, we present some basic tools from the numerical analysis of partial differential equations, with emphasis on matrix stability analysis and numerical schemes for the evolution of level sets. The description of multigrid methods for the effective solution of sparse systems of algebraic equations concludes the preliminary part of the document. These ideas lead to new fast algorithms for the solution of the geodesic active contours evolution equation. These algorithms employ time–implicit numerical schemes, are unconditionally stable as far as the timestep is concerned and their complexity is practically O(N) with respect to the number of pixels of the image, thanks to the application of multigrid methods for the solution of the occurring linear systems. The theoretical analysis of the proposed algorithms leads to the discovery of an important interconnection between the geodesic active contour model and graph cut methods recently introduced in computer vision with application to the problem of image segmentation.

Keywords

computer vision, image processing, geodesic active contours, multigrid, anisotropic diffusion, graph cuts, scale spaces, level sets, partial differential equations, stability analysis, linear systems, fast algorithms

Prìlogoc

LÐga lìgia gia thn ’Orash Upologistÿn

H ’Orash Upologistÿn asqoleÐtai me thn exagwgă qrăsimwn plhroforiÿn apì eikìnec ă akoloujÐec eikìnwn. Apÿteroc stìqoc autÿn pou ergĹzontai sthn perioqă eÐnai h kataskeuă susthmĹtwn ta opoÐa ja antilambĹnontai ton oratì kìsmo me anjrÿpinh eufuÐa. An kai h èreuna sthn ’Orash Upologistÿn èqei kĹnei ta teleutaÐa qrìnia shmantikă prìodo, apèqoume akìma pĹra polÔ apì thn ekplărwsh autoÔ tou orĹmatoc.

H ’Orash Upologistÿn (dec p.q. [51] kai [26]) èkane ta prÿta thc bămata th dekaetÐa tou ’60, wc èna paraklĹdi thc Teqnhtăc NohmosÔnhc. Mia apì tic prÿtec efarmogèc thc ătan h anĹlush duadikÿn eikìnwn me th boăjeia aplÿn mejìdwn anagnÿrishc protÔpwn kai èqontac wc stìqo thn optikă anagnÿrish qaraktărwn. Grăgora pĹntwc ègine antilhptì ìti h exagwgă qrăsimwn sumperasmĹtwn apì sustămata mhqanikăc ìrashc eÐnai mia exairetikĹ dÔskolh upìjesh, exaitÐac thc polÔ megĹlhc poluplokìthtac pou emfanÐzoun oi eikìnec tou fusikoÔ kìsmou. Den eÐnai tuqaÐo ìti merikĹ apì ta pio epituqhmèna sustămata mhqanikăc ìrashc epexergĹzontai eikìnec pou proèrqontai apì polÔ sugkekrimèna pedÐa efarmogÿn, meiÿnontac thn poluplokìthta me to na periorÐzoun tic klĹseic twn eikìnwn pou dèqetai to sÔsthma sthn eÐsodì tou.

Prokeimènou na antimetwpisteÐ me epituqÐa to telikì prìblhma thc exagwgăc sumperasmĹtwn apì eikìnec oi ereunhtèc grăgora katĹlaban ìti èprepe na kinhjoÔn susthmatikĹ, diaspÿntac to sunolikì prìblhma se upoproblămata uyhloÔ epipèdou. AutĹ me th seirĹ touc aposuntèjhkan se upoproblămata mesaÐou epipèdou ta opoÐa, tèloc, diaspĹsthkan se problămata qamhloÔ epipèdou^1. ’Enac sÔntomoc katĹlogoc epimèrouc problhmĹtwn thc ’Orashc Upologistÿn, apì ta pio uyhloÔ sta pio qamhloÔ epipèdou, eÐnai o exăc:

• MontelopoÐhsh fusikÿn kai teqnhtÿn sqhmĹtwn.

1H diamèrish problhmĹtwn se upoproblămata eÐnai h pio genikă mèjodoc gia thn antimetÿpish thc poluplokìthtac sto sqediasmì susthmĹtwn. Mia Ĺllh perioqă efarmogăc thc eÐnai p.q. h anĹptuxh logismikoÔ.

• Anagnÿrish/kathgoriopoÐhsh antikeimènwn.

• KatĹtmhsh eikìnwn se omogeneÐc perioqèc.

• EktÐmhsh trisdiĹstatou sqămatoc apì thn kÐnhsh ă/kai th skÐash.

• Entopismìc (tracking) kai ektÐmhsh taqÔthtac kinoÔmenwn antikeimènwn.

• Sterèoyh.

• AnĹlush kai sÔnjesh ufăc.

• AnÐqneush akmÿn.

• OmalopoÐhsh eikìnwn kai anĹlush se pollaplèc klÐmakec.

• MontelopoÐhsh kai anĹlush qrÿmatoc.

• Sqhmatismìc eikìnwn apì ton Ĺnjrwpo kai th mhqană.

Oi efarmogèc thc ’Orashc Upologistÿn eÐnai pollèc kai entupwsiakèc, afoÔ h eikìna perièqei megĹla posĹ plhroforÐac pou mporoÔn na axiopoihjoÔn poikilìtropa apì tic mhqanèc. Mèjodoi mhqanikăc ìrashc brÐskoun gia parĹdeigma efarmogă se sustămata iatrikăc apeikìnishc: Me th boăjeia logismikoÔ mporeÐ kaneÐc na beltiÿsei thn poiìthta iatrikÿn eikìnwn, na diagnÿsei mia asjèneia kai na metrăsei kĹpoia qarakthristikĹ thc kai na bohjăsei to giatrì na bgĹlei th gnwmĹteush pio eÔkola kai swstĹ. Mia Ĺllh efarmogă eÐnai sthn autìmath epitărhsh qÿrwn gia lìgouc asfĹleiac ă èlegqo thc kÐnhshc se autokinhtìdromouc. Teqnikèc ’Orashc Upologistÿn qrhsimopoioÔntai kai sthn epexergasÐa doruforikÿn eikìnwn, gia stratiwtikoÔc kai politikoÔc skopoÔc. EpÐshc èqoume efarmogèc sthn perioqă thc kajodăghshc rompìt kai sto qÿro thc diaskèdashc (computer games, special effects). SÔgqronec efarmogèc eÐnai akìma h dieukìlunsh thc epikoinwnÐac anjrÿpou-mhqanăc (apeujeÐac anagnÿrish twn kinăsewn tou qrăsth allĹ kai qrăsh thc plhroforÐac apì thn eikìna gia eukolìterh anagnÿrish thc fwnăc), kajÿc kai h taxinìmhsh kai apojăkeush twn eikìnwn se bibliojăkec pou ja epitrèpoun eÔkolh anazăthsh, ìpwc gÐnetai sămera me ta keÐmena. ’Olec autèc oi efarmogèc (kai pollèc Ĺllec) gÐnontai sămera sigĹ-sigĹ efiktèc, kajÿc h lăyh yhfiakăc eikìnac kai bÐnteo gÐnetai prosită ston kajèna, h upologistikă isqÔc auxĹnei me gewmetrikoÔc rujmoÔc, akoloujÿntac to nìmo tou Moore, kai h èreuna sthn perioqă proodeÔei suneqÿc.

ExaitÐac thc poluplokìthtac tou antikeimènou thc kai tou gegonìtoc ìti eÐnai mia èntona anaptussìmenh perioqă, h ’Orash Upologistÿn qrhsimopoieÐ mia plhjÿra mejìdwn kai ergaleÐwn, daneismènwn apì pollèc kai diaforetikèc metaxÔ touc episthmonikèc perioqèc. ’Etsi h èreuna sto qÿro thc mhqanikăc ìrashc èqei deqteÐ epirroèc apì klĹdouc ìpwc:

• YuqofusiologÐa. Edÿ h èmfash brÐsketai sthn katanìhsh twn mhqanismÿn dhmiourgÐac optikÿn erejismĹtwn ston anjrÿpino egkèfalo [43]. Mia apì tic perioqèc thc YuqologÐac me th megalÔterh epirroă eÐnai h Sqolă tou Gestalt [47], pou prospajeÐ na anakalÔyei genikoÔc kanìnec pou dièpoun thn antÐlhyh tou anjrÿpinou sustămatoc ìrashc.

• Statistikă. Statistikèc mèjodoi, tìso gia thn anĹlush, ìso kai gia th sÔnjesh eikìnwn èqoun eisaqjeÐ ta teleutaÐa qrìnia sthn ’Orash Upologistÿn [34]. Qrhsimopoiÿntac Bayesian mejìdouc eÐnai dunatìn na epitÔqei kaneÐc thn ekmĹjhsh montèlwn eikìnac me bèltisto trìpo [35]. H upologistikă epÐlush twn montèlwn autÿn gÐnetai me mejìdouc stoqastikăc beltistopoÐhshc, daneismènec apì th Statistikă Fusikă [28].

• Majhmatikă MorfologÐa. H majhmatikă morfologÐa [65] eÐnai mia mhgrammikă gewmetrikă mejodologÐa pou qrhsimopoieÐtai sthn anĹlush eikìnwn kai sthn ìrash upologistÿn. BasÐzetai sth jewrÐa sunìlwn, sthn Ĺlgebra plegmĹtwn (lattice algebra), sthn kurtă anĹlush (convex analysis), sth stoqastikă kai oloklhrwtikă gewmetrÐa. Oi basikoÐ morfologikoÐ telestèc eÐnai mh-grammikĹ fÐltra tÔpou sup/inf/rank. H majhmatikă morfologÐa èqei epÐshc isquroÔc desmoÔc me mejìdouc epipedosunìlwn kai gewmetrikÿn merikÿn diaforikÿn exisÿsewn. EÐnai idiaÐtera katĹllhlh gia efarmogèc ìpwc o entopismìc gewmetrikÿn qarakthristikÿn se pollaplèc klÐmakec, anĹlush megèjouc kai sqămatoc, gewmetrikì, mh-grammikì filtrĹrisma kai apokatĹstash, kwdikopoÐhsh se pollaplèc klÐmakec, katĹtmhsh eikìnwn kai anagnÿrish antikeimènwn.

• JewrÐa GrĹfwn. Mèjodoi twn diakritÿn majhmatikÿn kai kurÐwc thc jewrÐac grĹfwn èqoun brei ta teleutaÐa qrìnia efarmogă se problămata thc ’Orashc Upologistÿn, ìpwc p.q. h katĹtmhsh eikìnwn se omogeneÐc perioqèc [68].

• Majhmatikă Fusikă. ErgaleÐa thc majhmatikăc fusikăc, ìpwc oi Merikèc Diaforikèc Exisÿseic (PDEs), h Sunarthsiakă AnĹlush kai o Logismìc twn Metabolÿn èqoun mia makrĹ parĹdosh sthn epituqă montelopoÐhsh fusikÿn fainomènwn. Ta Ðdia ergaleÐa brÐskoun eureÐa efarmogă se problămata thc ’Orashc Upologistÿn, ìpwc h anĹlush eikìnwn se pollaplèc klÐmakec [13], h montelopoÐhsh sqhmĹtwn [54], oi energèc kampÔlec [44] kai ta gewdaitikĹ energĹ perigrĹmmata [14], ìpwc kai h diaforikă morfologÐa [49].

To perieqìmeno thc paroÔsac ergasÐac

H sugkekrimènh diplwmatikă ergasÐa xekÐnhse wc mia prospĹjeia gia thn kataskeuă enìc sustămatoc mhqanikăc ìrashc gia to tracking enìc anjrÿpinou qerioÔ me mejìdouc gewdaitikÿn energÿn perigrammĹtwn. Skopìc autoÔ tou sustămatoc ja ătan h kajodăghsh enìc rompìt me anagnÿrish twn qeironomiÿn tou qeiristă tou. Grăgora ìmwc ègine antilhptì ìti, prokeimènou to sÔsthma na leitourgeÐ grăgora, den arkoÔse h qrăsh aplÿn arijmhtikÿn sqhmĹtwn gia thn exèlixh twn perigrammĹtwn, allĹ ja èprepe na qrhsimopoihjoÔn kĹpoia pio sÔnjeta arijmhtikĹ sqămata gia thn epÐlush PDEs pou eÐqan eisaqjeÐ mìlic ta teleutaÐa qrìnia sthn ’Orash Upologistÿn, kajÿc kai kĹpoia sÔgqrona ergaleÐa apì to qÿro thc Arijmhtikăc AnĹlushc, akìma sqetikĹ Ĺgnwsta sthn koinìthta thc mhqanikăc ìrashc. ’Etsi to epÐkentro thc diplwmatikăc ergasÐac metatopÐsthke apì to sugkekrimèno rompotikì sÔsthma sth jewrhtikă anĹlush kai efarmogă apodotikÿn arijmhtikÿn sqhmĹtwn gia thn epÐlush PDEs pou brÐskoun efarmogă sthn ’Orash Upologistÿn, me èmfash sto montèlo twn gewdaitikÿn energÿn perigrammĹtwn kai sto montèlo diĹqushc jermìthtac pou, ìpwc ja doÔme, sundèontai stenĹ metaxÔ touc. ’Opwc eÔkola mporeÐ na sumperĹnei kaneÐc, megĹlo mèroc thc douleiĹc katèlabe kai h praktikă ulopoÐhsh ston upologistă twn algorÐjmwn pou ja parousiastoÔn.

To keÐmeno eÐnai organwmèno se èxi kefĹlaia. ’Eqei gÐnei shmantikă prospĹjeia ÿste h parousÐash na eÐnai sqetikĹ autìnomh, ìso bèbaia autì mporeÐ na epiteuqjeÐ sta plaÐsia miac diplwmatikăc ergasÐac. Ta trÐa prÿta proetoimĹzoun ton anagnÿsth gia to kurÐwc mèroc autăc thc ergasÐac, pou eÐnai ta KefĹlaia 4 kai 5.

Sto KefĹlaio 1 parousiĹzontai ta dÔo montèla thc ’Orashc Upologistÿn pou ja mac apasqolăsoun se aută thn ergasÐa: h anĹlush eikìnwn se qÿrouc klÐmakac me thn exÐswsh anisotropikăc diĹqushc kai ta gewdaitikĹ energĹ perigrĹmmata me qrăsh teqnikÿn epipedosunìlwn. Kai ta dÔo autĹ montèla basÐzontai se mejìdouc Merikÿn Diaforikÿn Exisÿsewn. Skopìc mac se autì to kefĹlaio eÐnai na katadeiqteÐ h qrhsimìthta autÿn twn montèlwn sthn epÐlush problhmĹtwn mhqanikăc ìrashc kai na exoikeiwjeÐ o anagnÿsthc me tic basikèc touc idiìthtec, ÿste na eÐnai proetoimasmènoc gia th melèth twn arijmhtikÿn mejìdwn gia thn epÐlusă touc pou ja parousiastoÔn sth sunèqeia.

To KefĹlaio 2 eisĹgei ton anagnÿsth sthn arijmhtikă epÐlush PDEs. Katarqăn parousiĹzontai kĹpoiec basikèc ènnoiec apì thn arijmhtikă anĹlush PDEs. IdiaÐterh èmfash dÐnetai se mejìdouc gia th melèth eustĹjeiac arijmhtikÿn sqhmĹtwn gia PDEs. Katìpin parousiĹzontai kĹpoiec basikèc arijmhtikèc mèjodoi gia thn exèlixh kampulÿn me epipedosÔnola kai perigrĹfontai oi adunamÐec touc.

Sto KefĹlaio 3 gÐnetai anaforĹ se mejìdouc pou qrhsimopoioÔntai gia thn apodotikă epÐlush idiaÐtera megĹlwn algebrikÿn susthmĹtwn exisÿsewn, ta opoÐa prokÔptoun katĹ thn arijmhtikă epÐlush PDEs. IdiaÐterh èmfash dÐnetai sth qrăsh mejìdwn pollaplÿn plegmĹtwn (multigrid methods), pou brÐskontai ston purăna twn grăgorwn algorÐjmwn twn epìmenwn kefalaÐwn.

H melèth taqèwn algorÐjmwn gia thn exÐswsh anisotropikăc diĹqushc eÐnai to jèma tou KefalaÐou 4. AnalÔontai diexodikĹ merikĹ arijmhtikĹ sqămata pou mporoÔn na qrhsimopoihjoÔn gia thn epÐlusă thc. EpÐshc parousiĹzontai paradeÐgmata sugkritikăc efarmogăc twn diĹforwn mejìdwn sto prìblhma thc anĹlushc eikìnwn se pollaplèc klÐmakec me dhmiourgÐa anisotropikÿn qÿrwn klÐmakac (scale-spaces).

To KefĹlaio 5 perigrĹfei èna grăgoro algìrijmo gia thn exèlixh twn gewdaitikÿn energÿn perigrammĹtwn (GACs) kai apoteleÐ ton purăna thc paroÔsac ergasÐac. Katarqăn susqetÐzei jewrhtikĹ to prìblhma twn GACs me to (aploÔstero) prìblhma thc anisotropikăc diĹqushc, epitrèpontac ètsi mia diaforetikă anĹgnwsh sto montèlo twn GACs. ToÔto epitrèpei thn epinìhsh mejìdwn pou exelÐssoun tic kampÔlec twn GACs mèqri thn telikă touc jèsh se èna băma. Autèc oi mèjodoi <<pantreÔontai>> Ĺmesa me teqnikèc anĹlushc se pollaplèc klÐmakec kai teqnikèc stenăc zÿnhc (narrowband), pou qrhsimopoioÔntai eurÔtata gia epitĹqunsh twn klasikÿn algorÐjmwn gia exèlixh twn GACs. Sth sunèqeia tou kefalaÐou parousiĹzoume mia susqètish metaxÔ twn mejìdwn twn GACs pou anaptÔssontai sthn paroÔsa ergasÐa me mia seirĹ sÔgqronwn mejìdwn katĹtmhshc basismènwn sth jewriĹ twn grĹfwn. To kefĹlaio oloklhrÿnetai me thn parousÐash peiramatikÿn apotelesmĹtwn pou parăqjhsan me to sugkekrimèno algìrijmo.

To KefĹlaio 6 sunoyÐzei kai sqoliĹzei ta apotelèsmata thc ergasÐac. Tèloc, sto ParĹrthma Aþ perigrĹfoume sunoptikĹ th sullogă logismikoÔ PETSc^© (Portable, Extensible Toolkit for Scientific Computation) pou qrhsimopoiăsame gia thn ulopoÐhsh twn algorÐjmwn.

EuqaristÐec

H enasqìlhsă mou me thn ’Orash Upologistÿn Ĺrqise thn Ĺnoixh tou 2002 sta plaÐsia tou omÿnumou majămatoc pou didĹskei me idiaÐtero enjousiasmì o Kajhghtăc Pètroc Maragkìc sto E.M.P.. Aută h seirĹ dialèxewn èpaixe kajoristikì rìlo sthn epilogă mou na ergastÿ sth sugkekrimènh ereunhtikă perioqă. Gi’ aută tou th sumbolă, kajÿc kai gia th shmantikă tou boăjeia kai ton polÔ qrìno pou afièrwse gia thn ekpìnhsh autăc thc ergasÐac ja ăjela na ton euqaristăsw jermĹ.

Ja ăjela epÐshc na anagnwrÐsw th sumbolă tou Lèktora Kÿsta Tzafèsta, tìso sthn epilogă tou jèmatoc thc ergasÐac (dikă tou ătan h idèa na asqolhjÿ me hand tracking gia thn kajodăghsh rompìt), ìso kai gia mia seirĹ diafwtistikÿn suzhtăsewn katĹ th diĹrkeia ekpìnhshc thc diplwmatikăc.

Apì thn perÐodo pou ergazìmoun sto <<Dhmìkrito>> ja ăjela idiaÐtera na anaferjÿ stic polÔwrec suzhtăseic me to Sèrgio PetrÐdh.

Tèloc, ja ăjela na afierÿsw autăn thn ergasÐa sthn oikogèneiĹ mou, pou tìso kajoristikĹ èqei sumbĹlei sth diamìrfwsh thc skèyhc mou ìla autĹ ta qrìnia.

Perieqìmena

1 DÔo Montèla Merikÿn Diaforikÿn Exisÿsewn sthn ’Orash Upologistÿn 18 1.1 Eisagwgikì tmăma . . . . . . . . . . . . . . . . . . . . . . . . . 18 1.2 Qÿroi klÐmakac kai exÐswsh diĹqushc . . . . . . . . . . . . . . 20 1.2.1 AnĹlush se pollaplèc klÐmakec . . . . . . . . . . . . . 20 1.2.2 Qÿroi klÐmakac apì grammikă kai mh-grammikă diĹqush . 22 1.2.3 Idiìthtec thc exÐswshc diĹqushc . . . . . . . . . . . . . 23 1.2.4 KĹpoiec teleutaÐec parathrăseic . . . . . . . . . . . . . 25 1.3 GewdaitikĹ energĹ perigrĹmmata kai epipedosÔnola . . . . . . . 26 1.3.1 Energèc kampÔlec . . . . . . . . . . . . . . . . . . . . . 26 1.3.2 GewdaitikĹ energĹ perigrĹmmata . . . . . . . . . . . . . 27 1.3.3 Exèlixh kampulÿn sto epÐpedo kai epipedosÔnola . . . . 29

2 Basikèc Arijmhtikèc Mèjodoi gia thn Exèlixh Epipedosunìlwn 35 2.1 Basikèc ènnoiec arijmhtikÿn mejìdwn gia merikèc diaforikèc exisÿseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 2.1.1 KathgoriopoÐhsh merikÿn diaforikÿn exisÿsewn . . . . 35 2.1.2 Peperasmènec diaforèc kai upwind sqămata . . . . . . . 36 2.1.3 Sunèpeia, sÔgklish kai eustĹjeia arijmhtikÿn sqhmĹtwn 38 2.1.4 ’Elegqoc eustĹjeiac arijmhtikÿn sqhmĹtwn . . . . . . . 40 2.2 ArijmhtikĹ sqămata gia epipedosÔnola . . . . . . . . . . . . . 44 2.2.1 Sqămata daneismèna apì uperbolikoÔc nìmouc diatărhshc 44 2.2.2 ’Ena explicit sqăma gia genikă morfă taqÔthtac . . . . 45 2.3 EpitĹqunsh me teqnikèc stenăc zÿnhc . . . . . . . . . . . . . . 47 2.4 O algìrijmoc taqeÐac proèlashc . . . . . . . . . . . . . . . . . 49

3 Arijmhtikèc Mèjodoi gia thn EpÐlush Araiÿn Algebrikÿn SusthmĹtwn 52 3.1 ApeujeÐac mèjodoi . . . . . . . . . . . . . . . . . . . . . . . . . 52 3.2 Epanalhptikèc mèjodoi . . . . . . . . . . . . . . . . . . . . . . 54

14 PERIEQ§OMENA

3.3 H mèjodoc pollaplÿn plegmĹtwn . . . . . . . . . . . . . . . . 57

4 Algìrijmoi gia thn ExÐswsh Anisotropikăc DiĹqushc 65 4.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 4.2 To explicit sqăma . . . . . . . . . . . . . . . . . . . . . . . . . 69 4.3 To implicit sqăma . . . . . . . . . . . . . . . . . . . . . . . . . 71 4.4 To AOS sqăma . . . . . . . . . . . . . . . . . . . . . . . . . . 73 4.5 To sqăma twn Crank-Nicholson . . . . . . . . . . . . . . . . . 75 4.6 PeirĹmata kai sugkrÐseic . . . . . . . . . . . . . . . . . . . . . 77

5 Algìrijmoi gia GewdaitikĹ EnergĹ PerigrĹmmata 84 5.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 5.2 Susqètish me thn exÐswsh anisotropikăc diĹqushc . . . . . . . 85 5.3 ’Enac taqÔc algìrijmoc gia thn exèlixh twn gewdaitikÿn energÿn perigrammĹtwn . . . . . . . . . . . . . . . . . . . . . . . . 86 5.4 Mèjodoi pollaplÿn analÔsewn se sunduasmì me teqnikèc stenăc zÿnhc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 5.5 Susqètish me mejìdouc tomăc grĹfwn gia katĹtmhsh . . . . . . 90 5.6 PeirĹmata kai sugkrÐseic . . . . . . . . . . . . . . . . . . . . . 95

6 SumperĹsmata 101 6.1 Sumbolă thc diplwmatikăc ergasÐac . . . . . . . . . . . . . . . 101 6.2 KateujÔnseic gia mellontikă èreuna . . . . . . . . . . . . . . . 102

Aþ Leptomèreiec UlopoÐhshc 104 Aþ.1 PETSc: Mia sullogă ergaleÐwn gia thn epÐlush PDEs . . . . 104 Aþ.2 Peiramatikèc Sunjăkec . . . . . . . . . . . . . . . . . . . . . . 106

KatĹlogoc SqhmĹtwn

1.1 ParĹdeigma eikìnac me plhroforÐa se pollaplèc klÐmakec . . . 21 1.2 Qÿroi klÐmakac apì diĹqush gia thn eikìna <<Cameraman>> . . . 24 1.3 Exèlixh gewdaitikoÔ energoÔ perigrĹmmatoc gia thn eikìna <<Nìmisma kai GualiĹ>> . . . . . . . . . . . . . . . . . . . . . . . . . 30 1.4 Exèlixh kampÔlhc me epipedosÔnola: Pÿc h disdiĹstath sunĹrthsh orÐzei to kinoÔmeno mètwpo . . . . . . . . . . . . . . . . . 32

2.1 To upwind sqăma gia thn kumatikă exÐswsh . . . . . . . . . . . 39 2.2 H teqnikă stenăc zÿnhc gia thn epitĹqunsh thc exèlixhc kampÔlhc me epipedosÔnola . . . . . . . . . . . . . . . . . . . . . 47 2.3 O algìrijmoc taqeÐac proèlashc gia thn eikonal PDE . . . . . 50

3.1 H apìsbesh twn diaforetikÿn sunistwsÿn tou sfĹlmatoc gÐnetai me diaforetikoÔc rujmoÔc gia kĹje sunistÿsa . . . . . . 60 3.2 H basikă idèa thc mejìdou pollaplÿn plegmĹtwn . . . . . . . 61 3.3 O V– kai o W–kÔkloc sth mèjodo pollaplÿn plegmĹtwn . . . 62 3.4 Periorismìc kai epèktash sth mèjodo pollaplÿn plegmĹtwn . . 63

4.1 Oi idiotimèc tou pÐnaka epanĹlhyhc gia to explicit sqăma . . . . 70 4.2 Oi idiotimèc tou pÐnaka epanĹlhyhc gia to implicit sqăma . . . . 72 4.3 Oi idiotimèc tou pÐnaka epanĹlhyhc gia to sqăma twn Crank- Nicholson . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 4.4 SugkritikĹ apotelèsmata anisotropikăc diĹqushc gia kajarismì eikìnac apì jìrubo me trÐa diaforetikĹ sqămata . . . . . . 79 4.5 SugkritikĹ apotelèsmata anisotropikăc diĹqushc - leptomerăc Ĺpoyh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 4.6 SugkritikĹ apotelèsmata gia to implicit sqăma me èna ă perissìtera bămata . . . . . . . . . . . . . . . . . . . . . . . . . . . 82 4.7 SugkritikĹ apotelèsmata implicit kai Crank-Nicholson sqhmĹtwn 83

5.1 Oi idiotimèc tou pÐnaka epanĹlhyhc tou implicit sqămatoc gia polÔ megĹlo τ . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

16 KAT§ALOGOS SQHM§ATWN

5.2 Ta idiodianÔsmata tou pÐnaka A pou antistoiqoÔn se idiotimèc polÔ kontĹ sto 0 eÐnai shmantikĹ gia katĹtmhsh . . . . . . . . 94 5.3 H arqikă kampÔlh den eÐnai oÔte ektìc oÔte entìc tou antikeimènou . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 5.4 Pìsec epanalăyeic apaitoÔntai gia na ftĹsoume sthn telikă jèsh tou perigrĹmmatoc? . . . . . . . . . . . . . . . . . . . . . 97 5.5 Pìsec epanalăyeic apaitoÔntai? Leptomerăc Ĺpoyh . . . . . . . 98 5.6 Sunduasmìc tou taqÔ algorÐjmou gia gewdaitikĹ energĹ perigrĹmmata me teqnikèc anĹlushc se pollaplèc klÐmakec kai teqnikèc stenăc zÿnhc . . . . . . . . . . . . . . . . . . . . . . 99 5.7 To Crank-Nicholson sqăma eÐnai akatĹllhlo gia thn exèlixh gewdaitikÿn energÿn perigrammĹtwn . . . . . . . . . . . . . . . 100

Aþ.1 H ierarqÐa tou PETSc . . . . . . . . . . . . . . . . . . . . . . . 105

KatĹlogoc PinĹkwn

4.1 H taqÔthta thc mejìdou pollaplÿn plegmĹtwn se sunĹrthsh me to mègejoc thc eikìnac . . . . . . . . . . . . . . . . . . . . 78

5.1 H taqÔthta tou implicit sqămatoc gia gewdaitikĹ energĹ perigrĹmmata se sunĹrthsh me to mègejoc thc eikìnac . . . . . . . 96

KefĹlaio 1

DÔo Montèla Merikÿn Diaforikÿn Exisÿsewn sthn ’Orash Upologistÿn

1.1 Eisagwgikì tmăma^1

Oi merikèc diaforikèc exisÿseic (Partial Differential Equations – PDEs) katèqoun mia xeqwristă jèsh sta majhmatikĹ. ’Arqisan na anakÔptoun ădh apì to 18^o aiÿna gia na kalÔyoun thn anepĹrkeia twn sunăjwn diaforikÿn exisÿsewn na perigrĹyoun kĹpoia fainìmena tou fusikoÔ kìsmou. MegĹla onìmata twn majhmatikÿn prwtostĹthsan sthn anĹptuxh tou pedÐou: Oi Euler kai Lagrange melèthsan kÔmata se qordèc, oi Bernoulli kai Euler asqolăjhkan me th jewrÐa dunamikoÔ, sthn opoÐa suneisèferan argìtera oi Legendre kai Laplace, enÿ o Fourier ergĹsthke sthn anĹptuxh sunartăsewn se seirèc me bĹsh tic idiosunartăseic thc exÐswshc jermìthtac. PollĹ apì ta pio shmantikĹ epiteÔgmata thc sÔgqronhc epistămhc basÐzontai epÐshc se montèla PDEs. EndeiktikĹ anafèroume tic exisÿseic tou Maxwell ston hlektromagnhtismì, thn exÐswsh tou Schröndiger sthn kbantomhqanikă kai tic exisÿseic Navier-Stokes sth reustodunamikă.

H qrăsh PDEs kai genikìtera suneqÿn montèlwn sthn epexergasÐa eikìnac kai sthn ìrash upologistÿn eÐnai mia sqetikĹ kainoÔrgia tĹsh. Oi episthmonikèc autèc perioqèc, ephreasmènec apì suggeneÐc klĹdouc, ìpwc h epexergasÐa fwnăc kai oi thlepikoinwnÐec, qrhsimopoioÔsan sqedìn apokleistikĹ diakritĹ ergaleÐa thc yhfiakăc epexergasÐac sămatoc. Oi prÿtec petuqhmènec apìpeirec qrăshc suneqÿn ergaleÐwn sthn ìrash upologistÿn ătan oi exăc:

• H mèjodoc tou Horn gia ektÐmhsh tou sqămatoc apì th skÐash shape-

1Aută h enìthta èqei basisteÐ se megĹlo bajmì sta [50] kai [15]

1.1 Eisagwgikì tmăma 19

from-shading (1970, dec p.q. to [39]).

• To montèlo upologismoÔ optikăc roăc me mejìdouc logismoÔ twn metabolÿn apì touc Horn kai Schunck [40] to 1981.

• H susqètish thc anĹlushc se pollaplèc klÐmakec me thn exÐswsh diĹqushc jermìthtac apì ton Koenderink to 1984 [46].

H basikă diaforĹ metaxÔ diakrităc kai suneqăc mejodologÐac ègkeitai ston trìpo montelopoÐhshc twn problhmĹtwn: O diakritìc formalismìc epibĹllei na meletoÔme ta sămata afoÔ prÿta ta èqoume yhfiopoiăsei (yhfiopoÐhsh = deigmatolhyÐa + kbantismìc). ParadeÐgmata diakritÿn ergaleÐwn sthn epegergasÐa eikìnac eÐnai o diakritìc metasqhmatismìc Fourier kai h sunèlixh diakritÿn shmĹtwn. AntÐjeta o suneqăc formalismìc epitĹssei h montelopoÐhsh twn shmĹtwn na gÐnetai se suneqeÐc qÿrouc. Se autăn thn perÐptwsh h diakritopoÐhsh epèrqetai mìno katĹ thn arijmhtikă anaparĹstash kai epÐlush twn jewrhtikÿn montèlwn ston upologistă, ìtan autì eÐnai aparaÐthto. BasikĹ ergaleÐa gia th suneqă montelopoÐhsh problhmĹtwn thc ìrashc upologistÿn eÐnai oi PDEs kai o logismìc twn metabolÿn.

Se autì to shmeÐo prèpei na shmeiÿsoume ìti o diaqwrismìc metaxÔ diakritÿn kai suneqÿn proseggÐsewn den eÐnai se kamiĹ perÐptwsh steganìc. Mèjodoi pou anăkoun sth mia kathgorÐa pollèc forèc sqetÐzontai ă/kai sumplhrÿnoun mejìdouc thc Ĺllhc kathgorÐac. Qarakthristikì parĹdeigma eÐnai h Diaforikă MorfologÐa [49], h opoÐa meletĹei PDEs pou antistoiqoÔn se morfologikĹ fÐltra kai èqei odhgăsei se pio apodotikoÔc algorÐjmouc gia thn ulopoÐhsh orismènwn morfologikÿn fÐltrwn pou paliìtera ulopoioÔntan me mh grammikèc diakritèc sunelÐxeic.

Pleonektămata tou suneqoÔc formalismoÔ eÐnai, metaxÔ Ĺllwn, ta exăc:

• Aplìthta kai isotropikìthta, kajÿc ta suneqă montèla den exartÿntai apì to diakritì plègma pĹnw sto opoÐo orÐzetai h eikìna.

• EkmetĹlleush thc fusikăc diaÐsjhshc sthn prospĹjeia montelopoÐhshc problhmĹtwn. Qrhsimopoiÿntac analogÐec me fusikĹ fainìmena, kajÿc kai fusikèc ènnoiec, ìpwc h enèrgeia kai h dÔnamh, mporoÔme na kataskeuĹsoume nèa komyĹ montèla gia qrăsh se problămata ìrashc upologistÿn.

• Qrăsh ètoimwn jewrhtikÿn apotelesmĹtwn (p.q. Ôparxh kai monadikìthta lÔshc) pou eÐnai apotèlesma thc makrìqronhc enasqìlhshc twn episthmìnwn me antÐstoiqa problămata thc majhmatikăc fusikăc.

20 DÔo Montèla Merikÿn Diaforikÿn Exisÿsewn sthn ’Orash Upologistÿn

• H susthmatikă diakritopoÐhsh twn suneqÿn montèlwn me jemeliwmènec mejìdouc thc Arijmhtikăc AnĹlushc odhgeÐ se akribeÐc kai eustajeÐc diakritoÔc algorÐjmouc gia thn epÐlush twn suneqÿn montèlwn ston upologistă pou ja fĹntazan ad hoc kai ja ătan polÔ dÔskolo na anakalufjoÔn me thn apokleistikă qrăsh diakritÿn ergaleÐwn.

Sth sunèqeia autoÔ tou kefalaÐou ja parousiĹsoume dÔo suneqă montèla pou èqoun apodeiqteÐ petuqhmèna sthn ’Orash Upologistÿn. O anagnÿsthc kaleÐtai na dÿsei idiaÐterh barÔthta stic enìthtec 1.2 kai 1.3 ìpou parousiĹzontai ta montèla twn qÿrwn klÐmakac kai twn gewdaitikÿn energÿn perigrammĹtwn, me thn arijmhtikă epÐlush twn opoÐwn ja asqolhjoÔme sta KefĹlaia 4 kai 5, antÐstoiqa.

1.2 Qÿroi klÐmakac kai exÐswsh diĹqushc

1.2.1 AnĹlush se pollaplèc klÐmakec

Oi eikìnec pou apeikonÐzoun antikeÐmena tou fusikoÔ kìsmou sunăjwc perièqoun plhroforÐec se pollaplèc klÐmakec. ’Ena tètoio parĹdeigma faÐnetai sto sqăma 1.1. ’Otan jèloume na exĹgoume kĹpoia qarakthristikĹ apì mia eikìna (p.q. akmèc, omogenă tmămata kok) prèpei na kajorÐzoume thn klÐmaka pou mac endiafèrei. Enÿ o kajorismìc klÐmakac gÐnetai tic perissìterec forèc uposuneÐdhta apì touc anjrÿpouc, anĹloga me to mègejoc twn antikeimènwn pou touc endiafèroun katĹ perÐptwsh, h endiafèrousa klÐmaka prèpei na dhlÿnetai rhtĹ se èna sÔsthma mhqanikăc ìrashc prokeimènou na parĹgei ikanopoihtikĹ apotelèsmata.

Problămata thc ìrashc upologistÿn sta opoÐa h anĹlush se pollaplèc klÐmakec eÐnai qrăsimh eÐnai, metaxÔ Ĺllwn:

• Kajarismìc thc eikìnac apì to jìrubo.

• AnÐqneush qarakthristikÿn thc eikìnac (p.q. akmèc kai omogenă tmămata) se megĹlh klÐmaka, ìpou o entopismìc touc eÐnai pio eÔkoloc, kai katìpin akribăc kajorismìc thc jèshc touc se mikră klÐmaka, ìpou perissìterec leptomèreiec eÐnai diajèsimec.

• Pio eÔrwsth ektÐmhsh thc kÐnhshc antikeimènwn me taÐriasma qarakthristikÿn se pollaplèc klÐmakec.

• KatĹtmhsh eikìnac se antikeÐmena thc klÐmakac pou mac endiafèrei kĹje forĹ.

Sqăma 1.1: <VEnac kìsmoc se pollaplèc klÐmakec . . . Oi fwtografÐec èqoun lhfjeÐ se èna pĹrko proqwrÿntac mprostĹ kai lambĹnontac kĹje nèo plĹno apì polÔ mikrìterh apìstash se sqèsh me to prohgoÔmeno. To orjogÿnio se kĹje eikìna apeikonÐzei to tmăma tou antikeimènou sto opoÐo epikentrwnìmaste sto epìmeno plĹno. Kajÿc h apìstash apì ta antikeÐmena mikraÐnei, h ìyh touc allĹzei kai nèec domèc emfanÐzontai. . . >> Apì to [36].

22 DÔo Montèla Merikÿn Diaforikÿn Exisÿsewn sthn ’Orash Upologistÿn

EpÐshc h anĹlush se pollaplèc klÐmakec mporeÐ pollèc forèc na epitaqÔnei thn ektèlesh pollÿn algorÐjmwn epexergasÐac eikìnac, ìpwc ja doÔme kai sthn enìthta 5.4 gia thn perÐptwsh twn algorÐjmwn pou perigrĹfei h paroÔsa ergasÐa.

1.2.2 Qÿroi klÐmakac apì grammikă kai mh-grammikă diĹqush

H shmasÐa thc anĹlushc se pollaplèc klÐmakec eÐqe anagnwristeÐ ădh apì ta prÿta bămata thc ìrashc upologistÿn [71]. H jewrÐa twn qÿrwn klÐmakac (scale-spaces), pou protĹjhke apì ton Witkin to 1983 [77], èjese ta jemèlia gia mia majhmatikă antimetÿpish autÿn twn jemĹtwn.

H basikă idèa tou Witkin eÐnai sqetikĹ aplă: DhmiourgoÔme mia suneqă oikogèneia gkrÐzwn eikìnwn I(x, y, s) sunelÐssontac thn arqikă eikìna I_0(x, y) me ènan Gaussian purăna G_s(x, y) diakÔmanshc s: I(x, y, s) = I_0(x, y) ∗ G_s(x, y) me s ≥ 0, (1.1) ìpou G_s(x, y) =^1_{2πs} exp(−^{x2+y2}_{2s} ). MegalÔterh timă thc paramètrou s antistoiqeÐ se eikìnec traqÔterhc klÐmakac. H timă s = 0 antistoiqeÐ sthn arqikă eikìna. Me autìn ton trìpo prokÔptei mia seirĹ apì eikìnec pou eÐnai jolwmènec (blurred) ekdoqèc thc arqikăc eikìnac, me to jìlwma na auxĹnei kajÿc h parĹmetroc s megalÿnei.

O Koenderink prÿtoc paratărhse [46] ìti oi eikìnec pou prokÔptoun me Gaussian filtrĹrisma mporoÔn isodÔnama na prokÔyoun lÔnontac thn exÐswsh omoiìmorfhc diĹqushc jermìthtac ∂I ∂t (x, y, t) = ∇^2I = ∂^2I ∂x^2 + ∂^2I ∂y^2 (1.2)

me arqikă sunjăkh I(x, y, 0) = I_0(x, y). Gia na èqoume to Ðdio apotèlesma me th mèjodo thc sunèlixhc me purăna Gauss diakÔmanshc s, arkeÐ na lÔsoume thn PDE (1.2) mèqri qrìno t = s/2.

To megĹlo meionèkthma twn Gaussian qÿrwn klÐmakac eÐnai ìti, pèra apì to na meiÿnoun to jìrubo kai na exaleÐfoun qarakthristikĹ mikrăc klÐmakac, jolÿnoun kai metakinoÔn qwrikĹ kĹpoia shmantikĹ qarakthristikĹ thc eikìnac (p.q. akmèc) sthn klÐmaka pou mac endiafèrei (dec to sqăma 1.2). ToÔto ofeÐletai sthn isotropikìthta kai grammikìthta tou montèlou, pou den epitrèpei sth diadikasÐa na prosarmìzetai sta topikĹ qarakthristikĹ thc eikìnac me ton epijumhtì trìpo.

Gia na antimetwpÐsoun ta meionektămata tou Gaussian qÿrou klÐmakac oi Perona kai Malik prìteinan to 1990 [59] th qrăsh thc exÐswshc anisotropikăc diĹqushc jermìthtac gia th dhmiourgÐa twn qÿrwn klÐmakac, pou genikeÔei thn exÐswsh (1.2): ∂I ∂t (x, y, t) = div(g∇I) (1.3)

me arqikă sunjăkh I(x, y, 0) = I_0(x, y). H isotropikă exÐswsh (1.2) prokÔptei wc eidikă perÐptwsh gia g ≡ 1. H sunĹrthsh g = g(x, y, I, ‖∇I‖) exartĹtai apì thn eikìna, paÐrnei timèc sto (0, 1] kai eÐnai to anĹlogo tou suntelestă jermikăc agwgimìthtac. Skopìc autăc thc sunĹrthshc eÐnai na eunoăsei to jìlwma entìc omogenÿn perioqÿn (intraregion smoothing), epibĹllontac uyhlì suntelestă agwgimìthtac sta omogenă tmămata, kai na apotrèyei thn anĹmeixh metaxÔ duo geitonikÿn eterogenÿn perioqÿn (interregion smoothing), epibĹllontac qamhlì suntelestă agwgimìthtac metaxÔ duo eterogenÿn tmhmĹtwn kai empodÐzontac ètsi th metaxÔ touc allhlepÐdrash. Mia tètoia mh-grammikă epilogă gia to g eÐnai:

g = g(‖∇I_{s0} ‖) = exp ( − ‖∇I_{s0} ‖^2 σ ) (1.4)

ìpou to σ eÐnai mia stajerĹ antÐjeshc, exartÿmenh apì to prìblhma. QrhsimopoioÔme to I_{s0} ≡ I ∗ G_{s0} antÐ tou I gia ton upologismì tou gradient epeidă autì odhgeÐ se lÔsh pou exartĹtai omalĹ apì tic arqikèc sunjăkec, ìpwc apèdeixan oi Catte k.Ĺ. [16] kai oi Alvarez k.Ĺ. [4], kajistÿntac to prìblhma kalĹ orismèno (o orismìc tou kalĹ orismènou problămatoc ja dojeÐ sto KefĹlaio 2).

Sto sqăma 1.2 blèpoume sugkritikĹ to Gaussian qÿro klÐmakac kai ton antÐstoiqo anisotropikì. O qrìnoc exèlixhc t_{is} thc isotropikăc PDE gia klÐmaka s prokÔptei apì th sqèsh t_{is} = s/2. Gia thn anisotropikă perÐptwsh akoloujăsame ton euristikì kanìna t_{anis} = 10t_{is} = 5s, dhladă părame dekaplĹsio qronikì băma se kĹje klÐmaka se sqèsh me thn antÐstoiqh isotropikă perÐptwsh gia na odhghjoÔme se apotelèsmata pou optikĹ antistoiqoÔn sthn Ðdia klÐmaka. ToÔto ofeÐletai sto gegonìc ìti g_{anis} = exp (−^{‖∇Is0 ‖2}_σ ) ≪ 1 = g_{is}. ParathroÔme ìti o anisotropikìc qÿroc diĹqushc èqei thn polÔ epijumhtă idiìthta na diathreÐ sqedìn akèraia ta antikeÐmena thc klÐmakac pou mac endiafèrei, enÿ o Gaussian qÿroc klÐmakac jolÿnei ìla anexairètwc ta antikeÐmena dhmiourgÿntac asĹfeiec.

1.2.3 Idiìthtec thc exÐswshc diĹqushc kai arqă megÐstouelaqÐstou

Oi duo arqèc pou ikanopoieÐ o Gaussian qÿroc klÐmakac, ìpwc tic exèfrase o Koenderink, eÐnai oi exăc [46]:

24 DÔo Montèla Merikÿn Diaforikÿn Exisÿsewn sthn ’Orash Upologistÿn

Sqăma 1.2: Qÿroi klÐmakac apì diĹqush gia thn eikìna <<Cameraman.>> (256×256 pixels, 256 stĹjmec gkrÐzou), pou parĹqjhkan se dÔo epanalăyeic me touc algorÐjmouc tou kefalaÐou 4. KlÐmakec (apì aristerĹ proc ta dexiĹ) 4, 8, 16, 32, 64. PĹnw: Gaussian qÿroc klÐmakac. KĹtw: anisotropikìc qÿroc klÐmakac (parĹmetroc σ thc exÐswshc (1.4) Ðsh me 0.01).

1. Aitiìthta (causality): KĹje qarakthristikì thc eikìnac se pio traqeiĹ klÐmaka (aitiatì) ja prèpei na proèrqetai apì èna toulĹqiston qarakthristikì thc eikìnac se pio leptomeră klÐmaka (aÐtio), qwrÐc aparaÐthta na isqÔei to antÐstrofo. Me Ĺlla lìgia to perieqìmeno plhroforÐac thc eikìnac ja prèpei na elattÿnetai kajÿc proqwrĹme se pio traqeièc klÐmakec.

2. Isotropikìthta (homogeneity, isotropy): To filtrĹrisma (jìlwma) thc eikìnac ja prèpei na gÐnetai isotropikĹ. KamiĹ kateÔjunsh sto qÿro den eÐnai protimìterh apì tic Ĺllec.

AutĹ ta dÔo krităria odhgoÔn me fusikì trìpo sthn exÐswsh isotropikăc diĹqushc jermìthtac (1.2) pou eÐnai Ðswc h aploÔsterh exÐswsh pou ta ikanopoieÐ kai ta dÔo.

ExetĹzontac me pio megĹlh prosoqă ta krităria tou Koenderink mporeÐ kaneÐc na parathrăsei ìti to kritărio thc isotropikìthtac den prokÔptei apì kĹpoia jemeliÿdh arqă pou prèpei na ikanopoieÐ o qÿroc klÐmakac, parĹ prostèjhke giatÐ antistoiqeÐ se aplă kai apodotikă ulopoÐhsh. Aută akribÿc h apaÐthsh gia isotropikìthta eÐnai pou prokaleÐ ta problămata pou proanafèrjhkan sto Gaussian qÿro klÐmakac.

Gia autì to lìgo oi Perona kai Malik, enÿ diathroÔn thn apaÐthsh gia aitiìthta, antikajistoÔn thn apaÐthsh gia isotropikìthta me Ĺllec dÔo epijumhtèc idiìthtec tou qÿrou diĹqushc prokeimènou na odhghjoÔn sto mh-grammikì montèlo pou proteÐnoun me thn exÐswsh (1.3). Autèc oi dÔo idiìthtec eÐnai [59]:

1. Entopismìc (localization): Oi akmèc twn antikeimènwn pou shmasiologikĹ anăkoun se kĹpoia klÐmaka paramènoun èntonec kai de metakinoÔntai se sqèsh me thn arqikă eikìna wsìtou ftĹsoume sthn klÐmaka aută.

2. OmalopoÐhsh omogenÿn perioqÿn (piecewise smoothing): Se ìlec tic klÐmakec h omalopoÐhsh entìc miac omogenoÔc perioqăc eunoeÐtai se sqèsh me thn omalopoÐhsh metaxÔ duo geitonikÿn perioqÿn, eterogenÿn metaxÔ touc.

Ja sqoliĹsoume tÿra to prÿto kritărio tou Koenderink pou antistoiqeÐ sth mh-antistreptìthta thc diadikasÐac anĹlushc se pollaplèc klÐmakec kai eÐnai ousiÿdec. Sth fusikă tètoiec diadikasÐec dièpontai apì to deÔtero jermodunamikì nìmo gia mh-antistreptèc metabolèc kai perigrĹfontai apì merikèc diaforikèc exisÿseic parabolikoÔ tÔpou, basikìc ekprìswpoc twn opoÐwn eÐnai h exÐswsh diĹqushc jermìthtac, tìso h isotropikă (1.2), ìso kai h anisotropikă (1.3).

’Opwc prÿtoc paratărhse o Hummel to 1986 [41], h idiìthta aitiìthtac pou ikanopoioÔn oi qÿroi diĹqushc sundèetai stenĹ me mia polÔ shmantikă idiìthta twn lÔsewn thc (anisotropikăc) exÐswshc diĹqushc jermìthtac, thn Arqă MegÐstou-ElaqÐstou (min-max principle), pou perigrĹfetai sto parakĹtw jeÿrhma, thn apìdeixh tou opoÐou o anagnÿsthc mporeÐ na brei se opoiodăpote biblÐo gia PDEs (dec p.q. to [42]):

Jeÿrhma 1.1 (Arqă MegÐstou-ElaqÐstou). ’Estw A èna anoiqtì kai fragmèno uposÔnolo tou R^n, sthn perÐptwsă mac to epÐpedo thc eikìnac (0, L_x) × (0, L_y). An h sunĹrthsh I : A × [0, T ] → R eÐnai suneqăc sto A × [0, T ] kai ikanopoieÐ thn exÐswsh jermìthtac (1.3) sto A × (0, T ), tìte paÐrnei th mègisth kai thn elĹqisth timă thc sto sÔnolo B = {A × {0}} ∪ {∂A × [0, T ]}, dhladă ta akrìtata eÐte brÐskontai sthn arqikă eikìna eÐte sta ìria thc eikìnac se kĹpoia klÐmaka t > 0.

An epiplèon èqoume adiabatikă oriakă sunjăkh sta ìria thc eikìnac (∇I = 0 sto ∂A × [0, T ]), tìte ta akrìtata ja brÐskontai sthn arqikă eikìna.

1.2.4 KĹpoiec teleutaÐec parathrăseic

KĹti pou axÐzei na shmeiwjeÐ eÐnai ìti o Gaussian qÿroc klÐmakac mporeÐ na paraqjeÐ polÔ eÔkola me diadoqikèc sunelÐxeic me Gaussian parĹjura, afoÔ antistoiqeÐ se grammikì, qronikĹ ametĹblhto fÐltro. AntÐjeta h dhmiourgÐa tou anisotropikoÔ qÿrou klÐmakac apaiteÐ thn arijmhtikă epÐlush

26 DÔo Montèla Merikÿn Diaforikÿn Exisÿsewn sthn ’Orash Upologistÿn

thc exÐswshc (1.3), mia sqetikĹ polÔplokh kai argă diadikasÐa. Gia autì to lìgo oi perissìterec efarmogèc pragmatikoÔ qrìnou qrhsimopoioÔn to Gaussian qÿro klÐmakac (dec p.q. to [48]). Shmantikă èreuna ìmwc gÐnetai gia thn anakĹluyh algorÐjmwn pou ja epitaqÔnoun thn kataskeuă tou anisotropikoÔ qÿrou klÐmakac. To KefĹlaio 4 eÐnai afierwmèno se autì to jèma.

Gia lìgouc plhrìthtac prèpei tèloc na anafèroume ìti upĹrqoun kai Ĺllec tĹseic sthn prospĹjeia gia anĹlush se pollaplèc klÐmakec. Mia diaforetikă PDE proteÐnetai sto [4], pou epitrèpei th diĹqush mìno kĹjeta sto ∇I. Sto qÿro thc morfologÐac èqoume qrăsh sqetikĹ sÔnjetwn morfologikÿn fÐltrwn sth dhmiourgÐa morfologikÿn puramÐdwn (blèpe [50], [52] kai [70]). O metasqhmatismìc wavelet qrhsimopoieÐtai epÐshc gia ton Ðdio skopì. Mia jewrÐa pou prospajeÐ na perigrĹyei tic basikèc idiìthtec thc puramidikăc anĹlushc anaptÔssetai sta [32] kai [38]. H melèth autÿn twn jemĹtwn xefeÔgei apì touc skopoÔc thc paroÔsac ergasÐac kai paraleÐpetai.

1.3 GewdaitikĹ energĹ perigrĹmmata kai epipedosÔnola

1.3.1 Energèc kampÔlec

’Ena apì ta pio sÔgqrona ergaleÐa sthn ìrash upologistÿn eÐnai oi energèc kampÔlec (active contours) ă <<fÐdia>> (snakes), pou eisăqjhsan apì touc Kass, Witkin kai Terzopoulos to 1987 [44] gia thn eÔresh twn orÐwn enìc antikeimènou thc eikìnac. SÔmfwna me aută th mèjodo arqikopoioÔme mia kampÔlh sto epÐpedo thc eikìnac kai Ôstera thn paramorfÿnoume me tètoio trìpo, ÿste na proseggÐsei to sÔnoro tou antikeimènou pou mac endiafèrei. Autì epitugqĹnetai me thn elaqistopoÐhsh enìc energeiakoÔ sunarthsiakoÔ thc kampÔlhc, sqediasmènou katĹllhla prokeimènou h kampÔlh pou antistoiqeÐ se (topikì) elĹqisto na sumpÐptei me ta ìria tou antikeimènou pou mac endiafèrei. To energeiakì sunarthsiakì perièqei basikĹ dÔo ìrouc, ènan pou èlkei thn kampÔlh kontĹ stic akmèc thc eikìnac kai ènan pou proèrqetai apì thn Arqă ElĹqistou Măkouc Perigrafăc (MDL principle) [45] kai eunoeÐ thn omalìthta thc kampÔlhc. H mèjodoc twn fidiÿn eÐnai èna parĹdeigma thc eurÔterhc teqnikăc sÔmfwna me thn opoÐa tairiĹzoume èna paramorfÿsimo montèlo (deformable template) sta dedomèna thc eikìnac mèsw elaqistopoÐhshc katĹllhla orismènhc enèrgeiac [9].

Pio sugkekrimèna, to klasikì montèlo twn energÿn kampulÿn èqei wc exăc: ’Estw C(q) ≡ (x(q), y(q)) : [0, 1] → R^2 mia kampÔlh tou epipèdou me parĹmetro q kai I : [0, a] × [0, b] → R^+ h eikìna sthn opoÐa prospajoÔme na broÔme ta ìria twn antikeimènwn. To sunarthsiakì thc kampÔlhc pou prospajoÔme na elaqistopoiăsoume dÐnetai apì thn akìloujh sqèsh (dec [44]): E(C(p)) = α ∫_1 0 ‖C^′(q)‖^2dq + β ∫_1 0 ‖C^{′′}(q)‖^2dq eswterikă enèrgeia − λ ∫_1 0 ‖∇I(C(q))‖dq exwterikă enèrgeia

(1.5)

me ta α, β kai λ jetikèc paramètrouc. Oi duo prÿtoi ìroi eunooÔn thn omalìthta thc kampÔlhc (eswterikă enèrgeia), enÿ o trÐtoc ìroc thn odhgeÐ kontĹ stic akmèc tou antikeimènou (eswterikă enèrgeia).

Autì to montèlo èqei qrhsimopoihjeÐ me epituqÐa se pollèc efarmogèc kai eÐnai arketĹ grăgoro [8]. Parìla autĹ èqei kĹpoiec eggeneÐc adunamÐec. Pio sugkekrimèna, to montèlo autì exartĹtai apì thn parametropoÐhsh thc kampÔlhc (den eÐnai dhladă gewmetrikì). EpÐshc den mporeÐ na qeiristeÐ me fusikì trìpo allagèc sthn topologÐa thc kampÔlhc kajÿc aută exelÐssetai. Autì eÐnai èna sobarì prìblhma ìtan o arijmìc twn antikeimènwn pou jèloume na aniqneujoÔn eÐnai Ĺgnwstoc a priori. ’Eqoun bèbaia protajeÐ kĹpoiec mèjodoi gia na aniqneÔetai pijană allagă sthn topologÐa (dec p.q. [53]), allĹ eÐnai euristikèc kai polÔplokec.

1.3.2 GewdaitikĹ energĹ perigrĹmmata

To montèlo twn gewdaitikÿn energÿn perigrammĹtwn (geodesic active contours eisăqjhke apì touc Caselles, Kimmel kai Sapiro to 1995 [14] sthn prospĹjeia na antimetwpistoÔn oi adunamÐec twn energÿn kampulÿn.

To montèlo autì basÐzetai sto sunarthsiakì enèrgeiac E(C(p)) = α ∫_1 0 ‖C^′(q)‖^2dq + λ ∫_1 0 g^2(‖∇I(C(q))‖)dq (1.6) me th g : [0, +∞) → R^+ na eÐnai mia fjÐnousa sunĹrthsh tètoia, ÿste g(r) → 0 kajÿc to r → +∞, ìpwc gia parĹdeigma h (1.4). EmeÐc sta peirĹmatĹ mac ja qrhsimopoiăsoume gia to skopì autì th sunĹrthsh: g = g(‖∇I‖) = exp ( − ‖∇I_{s0} ‖ σ ) (1.7)

SugkrÐnontac tic exisÿseic (1.5) kai (1.6) parathroÔme ìti to montèlo twn gewdaitikÿn energÿn perigrammĹtwn stereÐtai tou deÔterou ìrou omalìthtac tou montèlou twn energÿn kampulÿn. Autì ìmwc den eÐnai idiaÐtera perioristikì, kajÿc o prÿtoc ìroc arkeÐ gia na kĹnei thn kampÔlh omală. Tautìqrona to −‖∇I(C(q))‖ ston trÐto ìro thc exÐswshc (1.5) antikajÐstatai apì to g(‖∇I(C(q))‖).

28 DÔo Montèla Merikÿn Diaforikÿn Exisÿsewn sthn ’Orash Upologistÿn

KĹnontac autèc tic allagèc, odhgoÔmaste se èna gewmetrikì montèlo pou den exartĹtai apì thn parametropoÐhsh, kajìti, ìpwc apodeiknÔetai sto [14], h elaqistopoÐhsh tou sunarthsiakoÔ (1.6) isodunameÐ me to mh parametrikì gewdaitikì prìblhma thc elaqistopoÐhshc tou sunarthsiakoÔ

L_R = E(C) = ∫_{L(C)} 0 g(‖∇I(C(s))‖)ds = ∫_1 0 g(‖∇I(C(q))‖) èlxh apì akmèc ‖C^′(q)‖ omalìthta dq (1.8) ìpou C(s) eÐnai h fusikă parametropoÐhsh thc kampÔlhc me thn parĹmetro măkouc tìxou s, L(C) eÐnai to eukleÐdeio măkoc thc kampÔlhc C kai L_R eÐnai to gewdaitikì măkoc thc kampÔlhc (h metrikă g(‖∇I‖) exartĹtai apì thn eikìna kai thn epilogă thc morfăc thc sunĹrthshc g). Shmeiwtèon ìti gia g ≡ 1 to gewdaitikì măkoc ekfulÐzetai sto eukleÐdeio măkoc kai to kritărio eÐnai h elaqistopoÐhsh tou măkouc thc kampÔlhc.

Pèra apì to na apofeÔgei thn exĹrthsh apì thn parametropoÐhsh, to montèlo twn gewdaitikÿn energÿn perigrammĹtwn mporeÐ , ìpwc blèpoume sth sunèqeia, na uperbeÐ kai ta topologikĹ problămata tou montèlou twn energÿn kampulÿn pou suzhtăsame, arkeÐ na ulopoihjeÐ me qrăsh thc mejìdou twn epipedosunìlwn, pou perigrĹfoume sthn upoenìthta 1.3.3.

Pio sugkekrimèna, h exÐswsh Euler-Lagrange gia thn elaqistopoÐhsh tou sunarthsiakoÔ (1.8) me th mèjodo gradient descent eÐnai h exăc [14]: ∂C(t) ∂t = gκ ⃗N − (∇g · ⃗N) ⃗N (1.9) ìpou κ eÐnai h kampulìthta thc C kai ⃗N eÐnai to monadiaÐo kĹjeto diĹnusma me kateÔjunsh proc ta mèsa. Sthn telikă katĹstash (gia t → +∞) èqoume mhdenismì tou aristeroÔ mèrouc thc exÐswshc (^{∂C(t)}_{∂t} ), Ĺra kai tou dexioÔ. O mhdenismìc tou dexioÔ mèrouc thc exÐswshc shmaÐnei ìti h metabolikă parĹgwgoc^{∂E(C)}_{∂C} thc enèrgeiac (1.8) wc proc thn kampÔlh C mhdenÐzetai, pou eÐnai anagkaÐa sunjăkh gia thn Ôparxh (topikoÔ) elaqÐstou. H exÐswsh (1.9) mac deÐqnei pÿc kineÐtai kĹje shmeÐo thc kampÔlhc C mèqri na ftĹsei sthn katĹstash isorropÐac. ParathroÔme ìti gia g ≡ 1 h kÐnhsh ekfulÐzetai se sustolă thc kampÔlhc me taqÔthta anĹlogh thc kampulìthtac kai ètsi h kampÔlh surriknÿnetai telikĹ se shmeÐo, sÔmfwna me to jeÿrhma tou Grayson [33].

H epÐlush twn topologikÿn problhmĹtwn epitugqĹnetai me thn kÐnhsh thc kampÔlhc sto epÐpedo me th mèjodo twn epipedosunìlwn, pou parousiĹzetai sthn upoenìthta 1.3.3. Pio sugkekrimèna, an jewrăsoume ìti h kampÔlh dÐnetai èmmesa wc h isodunamikă kampÔlh stajeroÔ dunamikoÔ miac sunĹrthshc u(x, y, t) pou orÐzetai se ìlo to epÐpedo thc eikìnac, tìte mporoÔme na petÔqoume thn kÐnhsh thc kampÔlhc sÔmfwna me to montèlo twn gewdaitikÿn energÿn perigrammĹtwn exelÐssontac, antÐ thc exÐswshc (1.9), thn exÐswsh ∂u(x, y, t) ∂t = ‖∇u‖div ( g ∇u ‖∇u‖ )

= g‖∇u‖κ + ∇g · ∇u (1.10)

To pÿc prokÔptei aută h exÐswsh ja gÐnei katanohtì sthn upoenìthta 1.3.3. H exÐswsh (1.10) epilÔetai me arijmhtikèc mejìdouc, h melèth twn opoÐwn eÐnai to basikì jèma autăc thc ergasÐac kai ja kalufjeÐ ektenÿc sta KefĹlaia 2 kai 5. H allagă topologÐac thc kampÔlhc pou orÐzetai apì to epipedosÔnolo thc u(x, y, t) gÐnetai autìmata, ìpwc faÐnetai sto sqăma 1.3, ìpou katafèrnoume na perikuklÿsoume dÔo antikeÐmena parìlo pou xekinĹme me mÐa kampÔlh.

Prokeimènou na epitaqunjeÐ h kÐnhsh thc kampÔlhc kai na meiwjeÐ h pijanìthta pagÐdeusăc thc apì topikĹ elĹqista, èqei protajeÐ h prosjăkh enìc ìrou (balloon force) stajerăc taqÔthtac sustolăc (diastolăc) pou antistoiqeÐ sto morfologikì erosion (dilation) kai eunoeÐ thn elaqistopoÐhsh (megistopoÐhsh) thc epifĹneiac pou perikleÐetai apì thn kampÔlh. Autìc o ìroc èqei th morfă cg(‖∇I‖) ⃗N gia thn exÐswsh (1.9) kai th morfă cg(‖∇I‖)‖∇u‖ gia thn ekdoqă tou level set formalismoÔ (1.10). ’Etsi to montèlo twn gewdaitikÿn energÿn perigrammĹtwn me autìn ton ìro grĹfetai: ∂u(x, y, t) ∂t = (κ + c)g‖∇u‖ + ∇g · ∇u (1.11) AxÐzei tèloc na anafèroume ìti to montèlo twn gewdaitikÿn energÿn perigrammĹtwn mporeÐ, pèra apì to prìblhma thc eÔreshc twn akmÿn enìc antikeimènou, na qeiristeÐ kai mia seirĹ Ĺllwn problhmĹtwn thc ìrashc upologistÿn aplĹ epilègontac mia sunĹrthsh g pou na mhn exartĹtai apì to ‖∇I‖ allĹ apì kĹpoio Ĺllo qarakthristikì thc eikìnac. Gia mia endiafèrousa tètoia efarmogă tou montèlou sto prìblhma tou tracking dec to [57]. Aută akribÿc h euelixÐa kajistĹ ta gewdaitikĹ energĹ perigrammĹta idiaÐtera dhmofilă.

1.3.3 Exèlixh kampulÿn sto epÐpedo kai epipedosÔnola

Sthn perigrafă tou montèlou twn gewdaitikÿn energÿn perigrammĹtwn anaferjăkame sth mèjodo twn epipedosunìlwn (level sets), pou protĹjhke to 1988 apì touc Osher kai Sethian [55]. H mèjodoc twn epipedosunìlwn proteÐnei ènan Eulerian formalismì^2 gia thn exèlixh kampulÿn sto epÐpedo (genikìtera metÿpwn diĹstashc n − 1 se èna qÿro n diastĹsewn) kai prosfèretai

2H orologÐa proèrqetai apì th Mhqanikă, ìpou h Eulerian perigrafă thc kÐnhshc twn antikeimènwn gÐnetai se sqèsh me èna stajerì sto qÿro sÔsthma anaforĹc, enÿ h La-

30 DÔo Montèla Merikÿn Diaforikÿn Exisÿsewn sthn ’Orash Upologistÿn

Sqăma 1.3: Exèlixh gewdaitikoÔ energoÔ perigrĹmmatoc gia thn eikìna <<Nìmisma kai GualiĹ>> (320×240 pixels, 256 stĹjmec gkrÐzou). Ta apotelèsmata parĹqjhkan se mÐa epanĹlhyh me diaforetikì qronikì băma τ to kajèna me touc algorÐjmouc tou kefalaÐou 5. Qrhsimopoiăjhke h g = exp ( −^{‖∇Is0 ‖}_σ ) , me parĹmetro antÐjeshc σ = 0.001 kai parĹmetro kanonikopoÐhshc s_0 = 1.0.

idiaÐtera gia thn arijmhtikă epÐlush tètoiwn montèlwn, qeirizìmenh me fusikì trìpo allagèc sthn topologÐa thc kampÔlhc (genikìtera tou metÿpou).

Pio sugkekrimèna, èstw Γ(t) = {C(q, t) : q ∈ [0, 1]}, ìpou C(q, t) ≡ (x(q, t), y(q, t)) : [0, 1] × [0, +∞) → R^2, mia oikogèneia kleistÿn kampulÿn sto epÐpedo pou parĹgetai apì mia arqikă kampÔlh Γ(0) = {C_0(q) : q ∈ [0, 1]} me to nìmo { ∂C ∂t (q, t) = F ⃗N C(q, 0) = C_0(q)

(1.12)

ìpou ⃗N eÐnai to monadiaÐo kĹjeto diĹnusma me kateÔjunsh proc to eswterikì tou qwrÐou pou perikleÐetai apì thn kampÔlh kai F h taqÔthta kÐnhshc kĹje shmeÐou thc kampÔlhc. Autìc eÐnai o Lagrangian formalismìc thc kÐnhshc thc kampÔlhc kai ja mporoÔse na ulopoihjeÐ arijmhtikĹ paÐrnontac sthn arqikă kampÔlh Γ(0) ta shmeÐa {⃗x_i = C_0(^i_N ), i = 0, . . . , N − 1}, pou prokÔptoun deigmatolhptÿntac omoiìmorfa sto [0, 1) thn parĹmetro q, kai sth sunèqeia exelÐssontac kajèna apì ta ⃗x_i anexĹrthta. Aută h mèjodoc ìmwc parousiĹzei pollèc duskolÐec: O upologismìc qarakthristikÿn megejÿn thc kampÔlhc (p.q. κ, ⃗N) eÐnai dÔskoloc, ta shmeÐa teÐnoun na susswreÔontai se èna tmăma thc kampÔlhc me apotèlesma na apaiteÐtai suqnĹ epanaparametropoÐhsh kai, to kuriìtero, oi allagèc sthn topologÐa thc kampÔlhc eÐnai dÔskolo na pragmatopoihjoÔn.

Gia autoÔc touc lìgouc oi Osher kai Sethian [55] prìteinan na antimetwpisteÐ h kÐnhsh thc kampÔlhc se èna Eulerian plaÐsio. SÔmfwna me th mèjodo twn epipedosunìlwn h kampÔlh, antÐ na oristeÐ me th boăjeia thc dianusmatikăc sunĹrthshc C(q, t), kajorÐzetai me th boăjeia thc bajmwtăc sunĹrthshc u(x, y, t) : R^2 × [0, +∞) → R, h opoÐa orÐzetai se olìklhro to epÐpedo thc eikìnac kai ìqi mìno pĹnw sthn kampÔlh. Me to nèo formalismì h kampÔlh orÐzetai èmmesa, wc h isodunamikă kampÔlh timăc 0 thc u, dhladă Γ(t) = {(x, y) : u(x, y, t) = 0}. H epèktash thc sunĹrthshc u sto upìloipo qwrÐo mporeÐ na gÐnei aujaÐreta, upì ton periorismì h u na eÐnai Lipschitz suneqăc. Sthn ergasÐa aută akoloujoÔme th sÔmbash ìti u(x, y, t) > 0 gia ta shmeÐa (x, y) pou eÐnai ektìc thc perioqăc pou perikleÐetai apì thn kampÔlh kai u(x, y, t) < 0 gia ta eswterikĹ shmeÐa. Mia tètoia sunĹrthsh eÐnai p.q. o proshmasmènoc metasqhmatismìc apìstashc apì thn kampÔlh. Oi idèec autèc apeikonÐzontai sto sqăma 1.4. Sto Ðdio sqăma parathroÔme ìti h mèjodoc twn epipedosunìlwn qeirÐzetai me fusikì trìpo allagèc sthn topologÐa thc kampÔlhc, ìpwc eÐdame kai sthn upoenìthta 1.3.2, ìpou h mèjodoc qrhsimopoiăjhke gia thn exèlixh gewdaitikÿn energÿn perigrammĹtwn.

grangian perigrafă gÐnetai me bĹsh èna sÔsthma anaforĹc prosarthmèno sto kinoÔmeno sÿma.

32 DÔo Montèla Merikÿn Diaforikÿn Exisÿsewn sthn ’Orash Upologistÿn

Sqăma 1.4: Exèlixh kampÔlhc me epipedosÔnola. To parĹdeigma proèrqetai apì thn efarmogă thc mejìdou twn epipedosunìlwn gia thn exèlixh gewdaitikÿn energÿn perigrammĹtwn. Prÿth stălh: H sunĹrthsh u(x, y, t) sthn opoÐa enswmatÿnetai h kampÔlh kai to epÐpedo z = 0. H kampÔlh orÐzetai wc h tomă epifĹneiac kai epipèdou. DeÔterh stălh: H kampÔlh Γ(t) sto epÐpedo thc eikìnac. ParathroÔme ìti h mèjodoc twn epipedosunìlwn qeirÐzetai me fusikì trìpo allagèc sthn topologÐa (dec kai to sqăma 1.3).

’Opwc prokÔptei me mejìdouc diaforikăc gewmetrÐac, qarakthristikĹ thc kampÔlhc, ìpwc ta κ, ⃗N upologÐzontai kateujeÐan apì thn u. Pio sugkekrimèna, isqÔoun oi ekfrĹseic: ⃗N = − ∇u ‖∇u‖ (1.13) kai κ = −∇ · ⃗N = div ( ∇u ‖∇u‖ ) = u_{xx}u^2_y − 2u_xu_yu_{xy} + u_{yy}u^2_x (u^2_x + u^2_y)^{3/2}

(1.14)

Gia na parĹgoume èna nìmo gia thn kÐnhsh thc kampÔlhc antÐstoiqo thc exÐswshc (1.12), parathroÔme ìti u(C(q, t), t) = 0. ParagwgÐzontac thn teleutaÐa sqèsh wc proc t kai kĹnontac qrăsh tou kanìna thc alusÐdac paÐrnoume^3 u_t + C_t · ∇u = 0. Antikajistÿntac to C_t apì thn (1.12) prokÔptei u_t + F ⃗N · ∇u = 0. ’Omwc apì thn (1.13) èqoume ìti ⃗N · ∇u = −‖∇u‖. ’Etsi katalăgoume sth basikă sqèsh (prìblhma arqikÿn kai sunoriakÿn timÿn) pou prèpei na ikanopoieÐ h u gia na exelÐsei thn kampÔlh me to swstì trìpo: { u_t = F ‖∇u‖ u(x, y, 0) = 0 gia (x, y) ∈ Γ(0)

(1.15)

Apì th sqèsh aută mporèsame, me bĹsh thn exÐswsh (1.9), pou dÐnei thn kÐnhsh twn gewdaitikÿn energÿn perigrammĹtwn me ton Lagrangian formalismì, na exĹgoume thn exÐswsh (1.10) pou perigrĹfei thn Ðdia kÐnhsh me formalismì epipedosunìlwn. AxÐzei na shmeiÿsoume edÿ ìti h taqÔthta F thc exÐswshc (1.15) eÐnai h epèktash se olìklhro to epÐpedo thc taqÔthtac diĹdoshc tou metÿpou F thc exÐswshc (1.12). O trìpoc pou ja gÐnei h epèktash, enÿ jewrhtikĹ den ephreĹzei th lÔsh, mporeÐ na ephreĹsei thn akrÐbeia thc arijmhtikăc epÐlushc. H epèktash aută eÐte prokÔptei abÐasta apì to fusikì prìblhma, eÐte prèpei na gÐnei explicitly [31],[3],[17]. To zăthma autì de ja mac apasqolăsei sth sunèqeia thc paroÔsac ergasÐac, epeidă sth dikă mac perÐptwsh h epèktash prokÔptei Ĺmesa apì to fusikì prìblhma.

Mia idiaÐtera endiafèrousa eidikă perÐptwsh kÐnhshc kampÔlhc prokÔptei ìtan h sunĹrthsh taqÔthtac F diathreÐ prìshmo (eÐnai dhladă eÐte pĹnta jetikă eÐte pĹnta arnhtikă) kai epiplèon exartĹtai mìno apì tic qwrikèc suntetagmènec, dhladă F = F (⃗x). KĹtw apì autèc tic proôpojèseic h kampÔlh episkèptetai kĹje shmeÐo monĹqa mia forĹ (deqìmaste thn entropy satisfying viscosity solution thc (1.15) ` dec KefĹlaio 2) kai to mètwpo mporeÐ na kajoristeÐ apì to sÔnolo twn shmeÐwn sta opoÐa brÐsketai h kampÔlh Ôstera apì

3Sto exăc ja qrhsimopoioÔme to sumbolismì f_t ≡^{∂f}_{∂t} .

34 DÔo Montèla Merikÿn Diaforikÿn Exisÿsewn sthn ’Orash Upologistÿn

qrìno t, dhladă Γ(t) = {(x, y) : T (x, y) = t}. H PDE pou prèpei na ikanopoieÐ h sunĹrthsh T prokÔptei me paragÿgish wc proc t thc sqèshc T (C(x, y)) = t, pou dÐnei telikĹ, lambĹnontac upìyh tic exisÿseic (1.12), (1.13) kai (1.14), { ‖∇T ‖F (x, y) = 1 T (x, y) = 0 gia (x, y) ∈ Γ(0)

(1.16)

Autì eÐnai èna prìblhma kajarĹ sunoriakÿn timÿn, gnwstì sth majhmatikă fusikă wc eikonal PDE [21], me efarmogèc sthn optikă [10], ston upologismì tou (gkrÐzou) metasqhmatismoÔ apìstashc [67] kai alloÔ. Gia thn epÐlush tou problămatoc (1.16) èqoun anakalufjeÐ polÔ grăgoroi algìrijmoi, pou ja parousiastoÔn sto KefĹlaio 2.

KefĹlaio 2

Basikèc Arijmhtikèc Mèjodoi gia thn Exèlixh Epipedosunìlwn

2.1 Basikèc ènnoiec arijmhtikÿn mejìdwn gia merikèc diaforikèc exisÿseic

H suntriptikă pleioyhfÐa twn montèlwn merikÿn diaforikÿn exisÿsewn pou èqoun protajeÐ sthn ’Orash Upologistÿn odhgeÐ se majhmatikĹ problămata pou den eÐnai epilÔsima analutikĹ. H epÐlush me arijmhtikèc mejìdouc eÐnai h mình dièxodoc se autèc tic periptÿseic. Se autăn thn enìthta ja anaferjoÔme se merikèc ènnoiec apì thn arijmhtikă anĹlush PDEs, qwrÐc bèbaia na filodoxoÔme na kalÔyoume se bĹjoc thn terĹstia aută episthmonikă perioqă.

2.1.1 KathgoriopoÐhsh merikÿn diaforikÿn exisÿsewn

Mia shmantikă ènnoia apì thn arijmhtikă anĹlush eÐnai h kathgoriopoÐhsh twn PDEs se treic oikogèneiec: uperbolikèc, parabolikèc kai elleiptikèc. H kathgoriopoÐhsh gÐnetai me bĹsh tic kampÔlec diĹdoshc thc plhroforÐac (qarakthristikèc kampÔlec) pou antistoiqoÔn sthn exÐswsh. AntÐ na anafèroume to akribèc kritărio gia thn kathgoriopoÐhsh twn exisÿsewn (dec p.q. [5]), ja dÿsoume touc pio aploÔc ekprosÿpouc kĹje kathgorÐac sthn perÐptwsh twn hmigrammikÿn PDEs b’ bajmoÔ.

H kumatikă exÐswsh ∂^2u ∂t^2 = c^2

∂^2u ∂x^2 (2.1) eÐnai qarakthristikìc ekprìswpoc twn uperbolikÿn exisÿsewn. H exÐswsh (2.1) kai genikìtera oi uperbolikèc exisÿseic perigrĹfoun fusikĹ fainìmena pou qarakthrÐzontai apì qronikă exèlixh antistreptă sto qrìno. Apì kĹje shmeÐo tou jemeliÿdouc pedÐou dièrqontai dÔo qarakthristikèc kampÔlec, mÐa me kateÔjunsh to pareljìn kai mÐa me kateÔjunsh to mèllon.

’Opwc eÐdame kai sthn enìthta 1.2, basikìc ekprìswpoc thc parabolikăc oikogèneiac eÐnai h exÐswsh diĹqushc ∂u ∂t = ∂ ∂x ( g(x) ∂u ∂x ) (2.2)

EkeÐ tonÐsame epÐshc to gegonìc ìti perigrĹfei mh-antistreptĹ fainìmena pou exelÐssontai sto qrìno. Autì phgĹzei apì to gegonìc ìti èqei mìno mÐa qarakthristikă kampÔlh me kateÔjunsh proc to mèllon.

Tèloc, ta statikĹ fainìmena perigrĹfontai sunăjwc me exisÿseic elleiptikoÔ tÔpou. ’Etsi, gia parĹdeigma, to hlektrikì dunamikì se qÿro qwrÐc phgèc dÐnetai apì th lÔsh thc exÐswshc Laplace:

∂^2u ∂x^2 = 0 (2.3)

Se autăn thn perÐptwsh, epeidă akribÿc den èqoume qronikă exèlixh twn fainomènwn, den upĹrqei kamÐa qarakthristikă kampÔlh.

Sthn perÐptwsh twn uperbolikÿn kai parabolikÿn exisÿsewn pou perigrĹfoun fainìmena exelissìmena sto qrìno prèpei aparaÐthta na kajorÐzoume kai tic arqikèc timèc thc sunĹrthshc (kai Ðswc tic sunoriakèc sunjăkec, e- Ĺn to qwrÐo eÐnai peperasmèno), èqoume dhladă problămata arqikÿn timÿn ă problămata arqikÿn kai sunoriakÿn timÿn. AntÐjeta sthn perÐptwsh twn elleiptikÿn exisÿsewn èqoume problămata apokleistikĹ sunoriakÿn timÿn.

EÐnai shmantikì na tonÐsoume ìti ta arijmhtikĹ sqămata pou qrhsimopoioÔme gia thn epÐlush twn exisÿsewn ja prèpei na sèbontai to gegonìc ìti oi qarakthristikèc kampÔlec eÐnai parĹllhlec proc thn kateÔjunsh diĹdoshc thc plhroforÐac sto fusikì prìblhma kai na epibĹlloun anĹlogh diĹdosh thc plhroforÐac kai sth diakritopoÐhsh tou fusikoÔ problămatoc. Tètoia arijmhtikĹ sqămata onomĹzontai upwind sqămata, paÐzoun megĹlo rìlo sth diakritopoÐhsh uperbolikÿn exisÿsewn kai ja melethjoÔn sthn upoenìthta pou akoloujeÐ.

2.1.2 Peperasmènec diaforèc kai upwind sqămata

Prokeimènou na epilÔsoume arijmhtikĹ èna prìblhma merikÿn diaforikÿn exisÿsewn ja prèpei prÿta na to diakritopoiăsoume. UpĹrqoun dÔo basikèc

2.1 Basikèc ènnoiec arijmhtikÿn mejìdwn gia merikèc diaforikèc exisÿseic 37

mèjodoi gia na epiteuqjeÐ kĹti tètoio. H mèjodoc twn peperasmènwn stoiqeÐwn (finite elements) (dec p.q. to [5]) prospajeÐ na ekfrĹsei th lÔsh wc èna grammikì sunduasmì katĹllhlwn sunartăsewn bĹshc kai sth sunèqeia upologÐzei to bèltisto sÔnolo suntelestÿn me qrăsh miac metabolikăc morfăc thc diaforikăc exÐswshc. Sthn paroÔsa ergasÐa de qrhsimopoiăsame autăn th mèjodo kai gi’ autì de ja epektajoÔme sthn perigrafă thc.

H mèjodoc twn peperasmènwn diaforÿn (finite differences) [5] apì thn Ĺllh pleurĹ basÐzetai sth diakritopoÐhsh tou pedÐou orismoÔ thc sunĹrthshc. Akoloujÿntac autăn th mèjodo topojetoÔme sto pedÐo orismoÔ thc sunĹrthshc èna peperasmèno plègma kai anaparistoÔme th u(x, y, t) me tic timèc u^n_{ij}, ètsi ÿste u^n_{ij} ≃ u(ih_x, jh_y, nτ), ìpou ta h_x, h_y kai τ eÐnai ta bămata diakritopoÐhshc.

H mèjodoc twn peperasmènwn diaforÿn păre to ìnomĹ thc apì to gegonìc ìti oi parĹgwgoi pou parousiĹzontai stic diaforikèc exisÿseic proseggÐzontai me katĹllhlec peperasmènec diaforèc. Autèc prokÔptoun apì ta anaptÔgmata Taylor thc u(x, y, t). Gia parĹdeigma apì to anĹptugma u(x, y, t + τ) = u(x, y, t) + u_t(x, y, t)τ + O(τ^2) (2.4) prokÔptei h sqèsh u_t(x, y, t) = u(x, y, t + τ) − u(x, y, t) τ + O(τ) (2.5)

Jewrÿntac antÐstoiqa anaptÔgmata mporoÔme na parĹgoume tic pleurikèc (sided) proseggÐseic prÿthc tĹxhc gia th u_t: u_t ≃ D^{+t}u ≡ u^{n+1}_{ij} − u^n_{ij} τ (emprìsjia diaforĹ) (2.6aþ) u_t ≃ D^{−t}u ≡ u^n_{ij} − u^{n−1}_{ij} τ (opÐsjia diaforĹ) (2.6bþ)

kai thn kentrikă (central) prosèggish deÔterhc tĹxhc gia th u_t: u_t ≃ D^{0t}u ≡ u^{n+1}_{ij} − u^{n−1}_{ij} 2τ (2.7)

Me ton Ðdio trìpo orÐzontai oi antÐstoiqec diaforèc gia thn prosèggish twn qwrikÿn paragÿgwn.

H epilogă thc katĹllhlhc diaforĹc gia thn prosèggish miac paragÿgou prèpei, pèra apì thn epijumhtă akrÐbeia tou sqămatoc, na lambĹnei upìyh thc tic idiaiterìthtec tou problămatoc kai ephreĹzei katĹ polÔ tic idiìthtec tou arijmhtikoÔ sqămatoc. Gia parĹdeigma ac jewrăsoume thn exÐswsh kÔmatoc prÿtou bajmoÔ se mÐa diĹstash:

u_t + cu_x = 0 (2.8)

EĹn dialèxoume na diakritopoiăsoume th u_t me emprìsjia diaforĹ kai Ĺra èqoume èna explicit sto qrìno arijmhtikì sqăma^1, mporoÔme na epilèxoume anĹmesa se trÐa diaforetikĹ sqămata prÿthc tĹxhc, anĹloga me th diakritopoÐhsh thc qwrikăc paragÿgou:

u^{n+1}_i = u^n_i − cτD^{+x}u^n_i (emprìsjio sqăma) (2.9aþ) u^{n+1}_i = u^n_i − cτD^{−x}u^n_i (opÐsjio sqăma) (2.9bþ) u^{n+1}_i = u^n_i − cτD^{0x}u^n_i (kentrikì sqăma) (2.9gþ)

Gia na epilèxoume to katĹllhlo apì ta sqămata thc (2.9) ja prèpei skefjoÔme ìti to fusikì prìblhma pou perigrĹfetai sthn (2.8) eÐnai èna kÔma pou kineÐtai me taqÔthta c. ’Etsi, eĹn c > 0 èqoume kÐnhsh proc ta dexiĹ kai ja prèpei na epilèxoume opÐsjio sqăma, pou diadÐdei thn arijmhtikă plhroforÐa proc ta dexiĹ. EĹn pĹli c < 0 èqoume kÐnhsh proc ta aristerĹ kai katĹllhlo eÐnai to emprìsjio sqăma. H epilogă me autì to kritărio odhgeÐ sta legìmena upwind sqămata (upwind schemes). Autèc oi idèec apeikonÐzontai sto sqăma 2.1. Sunepÿc to katĹllhlo upwind sqăma gia thn (2.8) eÐnai to

u^{n+1}_i = u^n_i − τ ( min(c, 0)D^{+x}u^n_i + max(c, 0)D^{−x}u^n_i ) (2.10)

Tuqìn diaforetikă epilogă ja odhgoÔse se mh-eustajă sqămata, ìpwc ja doÔme sthn epìmenh upoenìthta.

2.1.3 Sunèpeia, sÔgklish kai eustĹjeia arijmhtikÿn sqhmĹtwn

Ja exetĹsoume tÿra kĹpoiec basikèc idèec pou eÐnai qrăsimec gia thn axiolìghsh arijmhtikÿn sqhmĹtwn gia PDEs. Katarqăn aposafhnÐzoume ìti endiaferìmaste gia th lÔsh problhmĹtwn pou eÐnai kalĹ orismèna (well posed). Prìkeitai gia problămata pou èqoun monadikă lÔsh, pou exartĹtai me suneqă trìpo apì tic arqikèc/sunoriakèc sunjăkec (Ôparxh, monadikìthta, suneqăc exĹrthsh). ’Exw apì autì to plaÐsio den mporoÔme na elpÐzoume ìti ja broÔme èna p.q. eustajèc arijmhtikì sqăma, th stigmă pou to Ðdio to suneqèc prìblhma eÐnai mh-eustajèc.

1OnomĹzetai explicit giatÐ h lÔsh gia to qronikì băma n + 1 dÐnetai kateujeÐan apì th lÔsh sto qronikì băma n, se antidiastolă me to implicit, ìpou h lÔsh gia to qronikì băma n + 1 eÐnai se peplegmènh morfă kai apaiteÐtai h epÐlush enìc algebrikoÔ sustămatoc gia na th broÔme.

2.1 Basikèc ènnoiec arijmhtikÿn mejìdwn gia merikèc diaforikèc exisÿseic 39

Sqăma 2.1: To upwind sqăma gia thn kumatikă exÐswsh. To pĹnw sqăma (emprìsjio) eÐnai eustajèc ìtan h metaforikă taqÔthta c eÐnai arnhtikă. To kĹtw sqăma (opÐsjio) eÐnai eustajèc ìtan h metaforikă taqÔthta c eÐnai jetikă. Apì to [60].

’Ena arijmhtikì sqăma eÐnai sunepèc (consistent) me mia PDE ìtan èqei anĹptugma Taylor sumbatì me aută kajÿc ekleptÔnoume to plègma diakritopoÐhshc.

To pio epijumhtì qarakthristikì enìc arijmhtikoÔ sqămatoc eÐnai h sÔgklish (convergence). Lème ìti èna arijmhtikì sqăma sugklÐnei sthn akribă lÔsh miac PDE, ìtan to sfĹlma diakritopoÐhshc teÐnei sto 0 kajÿc ta h, k → 0. ’Enac orismìc gia thn eustĹjeia (stability) enìc arijmhtikoÔ sqămatoc eÐnai na odhgeÐ se diakrită lÔsh u^n_{ij} pou na eÐnai fragmènh, kajÿc o qrìnoc n → ∞.

Oi ènnoiec thc sunèpeiac, thc sÔgklishc kai thc eustĹjeiac sundèontai metaxÔ touc sÔmfwna me to parakĹtw basikì jeÿrhma, thn apìdeixh tou opoÐou o anagnÿsthc mporeÐ na brei p.q. sto [61]:

Jeÿrhma 2.1 (Jeÿrhma isodunamÐac tou Lax). ’Estw èna kalĹ orismèno grammikì prìblhma arqikÿn kai sunoriakÿn timÿn. Mia sunepăc prosèggisă tou me peperasmènec diaforèc eÐnai sugklÐnousa an, kai mìno an, eÐnai eustajăc.

Autì to jeÿrhma katadeiknÔei ton idiaÐtero rìlo pou paÐzei h eustĹjeia sthn axiolìghsh twn arijmhtikÿn sqhmĹtwn.

Sthn epìmenh upoenìthta ja doÔme dÔo mejìdouc pou qrhsimopoioÔntai eurÔtata gia ton èlegqo thc eustĹjeiac arijmhtikÿn sqhmĹtwn. Prìkeitai gia thn anĹlush eustĹjeiac Von Neumann kai thn anĹlush eustĹjeiac me pÐnaka.

2.1.4 ’Elegqoc eustĹjeiac arijmhtikÿn sqhmĹtwn

AnĹlush eustĹjeiac Von Neumann

Sthn anĹlush eustĹjeiac Von Neumann (Von Neumann stability analysis), pou mporeÐ na efarmosteÐ se grammikĹ problămata me stajeroÔc suntelestèc, jewroÔme thn exèlixh kĹje idiolÔshc thc exÐswshc peperasmènwn diaforÿn xeqwristĹ. ’Otan èqoume mÐa qwrikă diĹstash, oi idiolÔseic èqoun th morfă: v^n_i = ξ^ne^{−jkihx} , (2.11) ìpou j = √ −1 kai k = 2π/λ o kumatarijmìc thc sugkekrimènhc idiolÔshc.

Antikajistÿntac th morfă aută gia to v^n_i sthn exÐswsh pou perigrĹfei to arijmhtikì sqăma pou jèloume na axiologăsoume paÐrnoume mia sqèsh diasporĹc pou sundèei ta ξ kai k. To kritărio Von Neumann gia eustĹjeia eÐnai tìte |ξ| ≤ 1 gia ìla ta k.

Ac efarmìsoume autèc tic idèec prokeimènou na axiologăsoume gia parĹdeigma ta trÐa sqămata thc sqèshc (2.9) gia thn exÐswsh kÔmatoc (2.8), upojètontac stajeră taqÔthta c > 0. Me antikatĹstash stic sqèseic (2.9) paÐrnoume tic akìloujec exisÿseic gia to ξ:

|ξ|^2 = 1 + 2σ(1 + σ)(1 − cos(kh_x)) (emprìsjio sqăma) (2.12aþ) |ξ|^2 = 1 − 2σ(1 − σ)(1 − cos(kh_x)) (opÐsjio sqăma) (2.12bþ) |ξ|^2 = 1 + σ^2 sin^2(kh_x) (kentrikì sqăma) (2.12gþ)

me σ = cτ/h_x. Apì thn apaÐthsh |ξ| ≤ 1 prokÔptei amèswc ìti apì ta trÐa sqămata mìno to opÐsjio (upwind sthn perÐptwsh aută) eÐnai eustajèc, kai mĹlista upì th sunjăkh σ ≤ 1, pou grĹfetai isodÔnama |c|τ h_x ≤ 1 (2.13)

Aută h sqèsh eÐnai gnwstă wc sunjăkh CFL (CFL condition) apì ta arqikĹ twn Courant-Friedrichs-Lewy pou thn anakĹluyan kai bĹzei èna ìrio sto qronikì băma gia ta explicit arijmhtikĹ sqămata sthn epÐlush uperbolikÿn PDEs. DiaisjhtikĹ dhlÿnei ìti to mètwpo tou kÔmatoc mporeÐ na diasqÐzei

2.1 Basikèc ènnoiec arijmhtikÿn mejìdwn gia merikèc diaforikèc exisÿseic 41

apìstash to polÔ Ðsh me to qwrikì băma diakritopoÐhshc se kĹje qronikì băma.

AnĹlush eustĹjeiac me pÐnaka

H mèjodoc thc anĹlushc eustĹjeiac me pÐnaka (matrix stability analysis) eÐnai mia enallaktikă mèjodoc gia thn axiolìghsh thc eustĹjeiac enìc arijmhtikoÔ sqămatoc pou basÐzetai sth fasmatikă anĹlush enìc pÐnaka. Aută h mèjodoc eÐnai idiaÐtera shmantikă gia thn paroÔsa ergasÐa epeidă mac eisĹgei se ènnoiec kai majhmatikĹ ergaleÐa pou ja qrhsimopoiăsoume se ìla ta epìmena kefĹlaia.

Pio sugkekrimèna, ac upojèsoume ìti to sqăma peperasmènwn diaforÿn pou jèloume na meletăsoume gia èna prìblhma arqikÿn`sunoriakÿn timÿn dÐnei thn exèlixh thc arijmhtikăc lÔshc sth morfă

u^{n+1} = Gu^n + d^n (2.14)

To u^n eÐnai to diĹnusma thc lÔshc sto qronikì băma n kai prokÔptei me katĹllhlh arÐjmhsh twn qwrikÿn suntetagmènwn, p.q. antistoiqÿntac thn i` sunistÿsa tou u^n sthn timă u^n_i sth monodiĹstath perÐptwsh. O G eÐnai ènac N × N pÐnakac pou exartĹtai apì thn epilogă tou arijmhtikoÔ sqămatoc kai to d^n eÐnai èna diĹnusma pou exartĹtai apì tic sunoriakèc sunjăkec. Efarmìzontac anadromikĹ th sqèsh (2.14) odhgoÔmaste sth sqèsh

u^n = G^nu^0 + G^{n−1}d^0 + G^{n−2}d^1 + · · · + d^{n−1} (2.15)

Prokeimènou na epikentrÿsoume thn prosoqă mac sto arijmhtikì sqăma kai ìqi stic sunoriakèc sunjăkec, jewroÔme ìti sto diĹnusma arqikÿn sunjhkÿn u^0 upeisèrqetai èna sfĹlma e^0, opìte èqoume to diataragmèno diĹnusma arqikÿn sunjhkÿn ũ^0 = u^0 + e^0. To sfĹlma e^n = ũ^n − u^n diadÐdetai tìte sÔmfwna me th sqèsh:

e^n = ũ^n − u^{n (2.15)}= G^n(ũ^0 − u^0) = G^ne^0 (2.16)

Blèpoume dhladă ìti h sumperiforĹ tou sfĹlmatoc sth sunèqeia twn upologismÿn exartĹtai apì tic dunĹmeic tou pÐnaka G.

Gia na proqwrăsoume sthn anĹlusă mac, jewroÔme tic idiotimèc λ_1, λ_2, . . . , λ_N tou G se fjÐnousa katĹ apìluth timă seirĹ, dhladă

|λ_s| ≥ |λ_{s+1}| gia s = 1, . . . , N − 1 (2.17)

OrÐzoume wc fasmatikă aktÐna (spectral radius) ρ(G) tou pÐnaka G to |λ_1|, dhladă:

ρ(G) = max_s |λ_s| = |λ_1| (2.18)

MporoÔme na ekfrĹsoume tÿra to akìloujo jeÿrhma, pou eÐnai polÔ basikì sthn anĹlush epanalhptikÿn arijmhtikÿn mejìdwn (gia mia morfă tou jewrămatoc gia genikìterh morfă pinĹkwn dec to [61]):

Jeÿrhma 2.2. ’Estw ìti o pÐnakac G èqei N grammikĹ anexĹrthta metaxÔ touc idiodianÔsmata (autì isqÔei p.q. gia pragmatikoÔc summetrikoÔc pÐnakec). JewroÔme thn akoloujÐa G^k, k = 0, 1, . . . . H akoloujÐa aută:

(i) sugklÐnei sto mhdenikì pÐnaka an, kai mìno an, ρ(G) < 1.

(ii) paramènei fragmènh wc proc mia fusikă nìrma pÐnaka ‖·‖_p an, kai mìno an, ρ(G) ≤ 1.

Apìdeixh. O pÐnakac G diagwnopoieÐtai afoÔ èqei N grammikĹ anexĹrthta metaxÔ touc idiodianÔsmata. JewroÔme th diagwnopoÐhsh G = XDX^{−1}, me D = diag(λ_1, λ_2, . . . , λ_N ). Tìte G^k = XD^kX^{−1}, me D^k = diag(λ^k_1, λ^k_2 , . . . , λ^k_N ).

An ρ(G) < 1, èpetai ìti |λ_s| ≤ ρ(G) < 1, opìte λ^k_s → 0. ’Etsi D^k → 0, pou shmaÐnei ìti kai G^k = XD^kX^{−1} → 0.

An ρ(G) ≤ 1, èpetai ìti |λ_s| ≤ ρ(G) ≤ 1, opìte |λ^k_s | ≤ |λ_s|. ’Etsi: ‖D^k‖_p = min_{‖v‖p=1}‖D^kv‖_p = min_{‖v‖p=1}‖(λ^k_1 , λ^k_2, . . . , λ^k_N ) · (v_1, v_2, . . . , v_N )^T ‖_p

Cauchy−Schwartz ≤ ‖(λ^k_1 , λ^k_2, . . . , λ^k_N )‖_p ≤ [|λ^k_1 |^p + |λ^k_2|^p + · · · + |λ^k_N |^p]^{1/p} ≤ [|λ_1|^p + |λ_2|^p + · · · + |λ_N |^p]^{1/p} = ‖(λ_1, λ_2, . . . , λ_N )‖_p

Dhladă h nìrma ‖D^k‖_p eÐnai fragmènh, opìte kai h ‖G^k‖_p = ‖XD^kX^{−1}‖_p ≤ ‖X‖_p‖D^k‖_p‖X^{−1}‖_p eÐnai fragmènh.

AntÐstrofa, jewroÔme ìti to v_1 eÐnai to kanonikopoihmèno wc proc th nìrma ‖·‖_p idiodiĹnusma pou antistoiqeÐ sthn idiotimă mègisthc apìluthc timăc λ_1. Tìte èqoume G^kv_1 = λ^k_1v_1,

opìte, paÐrnontac th nìrma ‖·‖_p èqoume

|λ_1|^k = ‖G^kv_1‖_p ≤ ‖G^k‖_p‖v_1‖_p

An G^k → 0, tìte ‖G^k‖_p → 0, opìte apì thn prohgoÔmenh sqèsh èpetai ρ(G) = |λ_1| < 1. An pĹli to ‖G^k‖ eÐnai fragmèno tìte apì thn prohgoÔmenh sqèsh kai to |λ_1|^k eÐnai fragmèno, opìte ρ(G) = |λ_1| ≤ 1.

2.1 Basikèc ènnoiec arijmhtikÿn mejìdwn gia merikèc diaforikèc exisÿseic 43

MporoÔme tÿra na qarakthrÐsoume èna sqăma eustajèc, ìtan to sfĹlma e^n thc exÐswshc (2.16) paramènei fragmèno gia n → ∞ kai gia opoiodăpote e^0. FtĹnoume ètsi sto akìloujo pìrisma:

Pìrisma 2.3. ’Estw ìti o pÐnakac G thc (2.14) èqei N grammikĹ anexĹrthta metaxÔ touc idiodianÔsmata. To arijmhtikì sqăma (2.14) eÐnai eustajèc an, kai mìno an, ρ(G) ≤ 1.

Sth sunèqeia ja mac qreiasteÐ kai to akìloujo lămma, thn apìdeixh tou opoÐou o anagnÿsthc mporeÐ na breÐ p.q. sto [24]:

Lămma 2.4. ’Estw ènac tetragwnikìc pÐnakac A kai λ mia idiotimă tou pou antistoiqeÐ sto idiodiĹnusma v. ’Estw epÐshc ìti ta f_1, f_2 eÐnai poluÿnuma. Tìte o pÐnakac [f_1(A)]^{−1}f_2(A) èqei idiotimă to f_2(λ)/f_1(λ) kai antÐstoiqo idiodiĹnusma to v. To Ðdio isqÔei kai gia ton pÐnaka f_2(A)[f_1(A)]^{−1}.

Ac jewrăsoume tÿra thn isotropikă exÐswsh diĹqushc jermìthtac se mÐa diĹstash me adiabatikèc sunoriakèc sunjăkec: ∂u ∂t = ∂^2u ∂x^2 (2.19)

me^{∂u}_{∂x} = 0 gia x = 0 kai gia x = 1.

Ja diereunăsoume me th mèjodo tou pÐnaka thn eustĹjeia tou explicit sqămatoc peperasmènwn diaforÿn gia thn (2.19):

u^{n+1}_i = u^n_i + r(u^n_{i−1} − 2u^n_i + u^n_{i+1}) (2.20)

me r = τ/h^2. H sunoriakă sunjăkh dÐnei epiplèon u^n_0 = u^n_1 kai u^n_N = u^n_{N+1}.

Autì to sqăma mporeÐ na grafeÐ sth morfă exÐswshc pinĹkwn (2.14), me G = I + rS kai d = 0, ìpou S eÐnai o parakĹtw tridiagÿnioc pÐnakac:

S = −1 1 0 1 −2 1

. .. ... ...

1 −2 1 0 1 −1

(2.21)

Oi idiotimèc kai ta idiodianÔsmata tou pÐnaka S prokÔptoun apì th sqèsh (S − λI)v = 0. Aută h sqèsh odhgeÐ sthn akìloujh exÐswsh diaforÿn pou prèpei na ikanopoioÔn oi sunistÿsec {v_i : i = 1, . . . , N} tou idiodianÔsmatoc v = (v_1, v_2, . . . , v_N )^T pou antistoiqeÐ sthn idiotimă λ:

v_{i−1} − (2 + λ)v_i + v_{i+1} = 0 gia i = 1, . . . , N (2.22) èqontac orÐsei v_1 = v_0, v_{N+1} = v_N . H epÐlush thc exÐswshc diaforÿn (2.22) mac dÐnei telikĹ tic idiotimèc:

λ_s = −4 sin^2( sπ 2N ) gia s = 0, . . . , N − 1 (2.23)

Sthn idiotimă λ_s antistoiqeÐ to idiodiĹnusma v_s me sunistÿsec:

(v_i)_s = cos (sπ(2i − 1) 2N ) gia i = 1, . . . , N (2.24)

Apì to Lămma (2.4), oi idiotimèc l_s tou pÐnaka G = I + rS sundèontai me tic idiotimèc λ_s tou pÐnaka S me th sqèsh l_s = 1 + rλ_s, enÿ ta idiodianÔsmata eÐnai ta Ðdia. Sunepÿc èqoume

l_s = 1 − 4r sin^2( sπ 2N ) gia s = 0, . . . , N − 1 (2.25)

H sunjăkh gia eustĹjeia ρ(G) ≤ 1 grĹfetai tìte: max 0≤s<N |l_s| = max_{0≤s<N}|1 − 4r sin^2( sπ 2N )| ≤ 1 (2.26)

pou dÐnei r ≤ 1 2sin^2(^{(N−1)π}_{2N} )

(2.27)

Kajÿc to băma diakritopoÐhshc h → 0, N → ∞, èqoume (N − 1)π/(2N) → π/2, opìte prokÔptei telikĹ to akìloujo kritărio eustĹjeiac: r = τ h^2 ≤ 1 2 (2.28)

ParathroÔme apì th sqèsh (2.28) ìti o periorismìc sto qronikì băma gia to explicit sqăma pou antistoiqeÐ sthn exÐswsh diĹqushc apaiteÐ τ ∼ h^2, pou eÐnai akìma pio austhrìc apì th sunjăkh CFL (2.13) gia uperbolikèc exisÿseic, ìpou τ ∼ h. Autìc o periorismìc ja arjeÐ me ta implicit sqămata pou ja meletăsoume sto KefĹlaio 4.

2.2 ArijmhtikĹ sqămata gia epipedosÔnola

2.2.1 Sqămata daneismèna apì uperbolikoÔc nìmouc diatărhshc

JewroÔme xanĹ th basikă exÐswsh kÐnhshc gia epipedosÔnola (1.15), u_t = F ‖∇u‖, ìpou F eÐnai h taqÔthta kĹjeta sto mètwpo. Aută h exÐswsh mporeÐ na grafeÐ se morfă Hamilton-Jacobi: u_t + H(u_x, u_y) = 0 (2.29)

2.2 ArijmhtikĹ sqămata gia epipedosÔnola 45

me Qamiltoniană H(u_x, u_y) = −F √ u^2_x + u^2_y. Tètoiec exisÿseic epidèqontai genikeumènec lÔseic, tic legìmenec lÔseic ixÿdouc (viscosity solutions) [22], pou eÐnai sunartăseic suneqeÐc, qwrÐc ìmwc na eÐnai pantoÔ leÐec, ikanopoioÔn mia genikeumènh morfă thc (2.29) kai epÐshc sèbontai th sunjăkh entropÐac [67].

Oi Osher kai Sethian sto [55] proteÐnoun mia seirĹ apì arijmhtikĹ sqămata gia thn exÐswsh (1.15), basismèna sth jewrÐa twn arijmhtikÿn mejìdwn gia uperbolikoÔc nìmouc diatărhshc (hyperbolic conservation laws), pou sundèetai stenĹ me tic exisÿseic Hamilton-Jacobi. Pio sugkekrimèna, gia kurtă Qamiltoniană H = −F √ u^2_x + u^2_y (p.q. F stajeră), proteÐnoun to akìloujo explicit sqăma gia thn exèlixh thc lÔshc sto qrìno:

u^{n+1}_{ij} = u^n_{ij} + τ[max(F_{ij}, 0)∇^+ + min(F_{ij} , 0)∇^−], (2.30)

ìpou τ eÐnai to qronikì băma kai ta ∇^+, ∇^− eÐnai oi akìloujec proseggÐseic tou ‖∇u‖, pou sèbontai th sunjăkh entropÐac (qrhsimopoioÔme edÿ thn prosèggish twn Rouy-Tourin [62], pou eÐnai pio akribăc apì autăn tou [55] kontĹ sta shmeÐa pou anaptÔssontai shocks sth sunĹrthsh):

∇^+ = { max^2[D^{−x}_{ij} , −D^{+x}_{ij} , 0] + max^2[D^{−y}_{ij} , −D^{+y}_{ij} , 0] }_{1/2} (2.31aþ)

∇^− = { max^2[−D^{−x}_{ij} , D^{+x}_{ij} , 0] + max^2[−D^{−y}_{ij} , D^{+y}_{ij} , 0] }_{1/2} (2.31bþ)

Ta D^{±x}_{ij} kai D^{±y}_{ij} eÐnai proseggÐseic twn u_x kai u_y, antÐstoiqa, me tic pleurikèc diaforèc thc exÐswshc (2.6).

EÐnai shmantikì na tonÐsoume ìti, prokeimènou h epanalhptikă diadikasÐa (2.30) na eÐnai eustajăc, to qronikì băma ja prèpei na periorÐzetai apì mia sqèsh anĹlogh thc sunjăkhc CFL (2.13): τ ≤ 0.5 (max_{ij} F_{ij} )(1/Δx + 1/Δy)

(2.32)

Aută h sqèsh gia Δx = Δy = 1 kai max_{ij} F_{ij} = 1 mac dÐnei τ_{max} = 0.25, pou shmaÐnei ìti mporeÐ na qreiastoÔn qiliĹdec epanalăyeic thc diadikasÐac (2.30) mèqri na ftĹsoume sthn telikă morfă thc kampÔlhc pou exelÐssoume. Autìn akribÿc ton periorismì sto qronikì băma prospajoÔme na apofÔgoume sta KefĹlaia 4 kai 5, kĹnontac qrăsh implicit arijmhtikÿn sqhmĹtwn, ta opoÐa ìmwc apaitoÔn thn epÐlush enìc megĹlou algebrikoÔ sustămatoc se kĹje băma exèlixhc thc kampÔlhc.

2.2.2 ’Ena explicit sqăma gia genikă morfă taqÔthtac

Ac jewrăsoume tÿra mia genikìterh morfă kÐnhshc gia thn kampÔlh (bl. to [67]). Pio sugkekrimèna, èstw ìti h kampÔlh, pèra apì to na diastèlletai ă sustèlletai me taqÔthta F_{prop} = F_0(x, y) (aută eÐnai h perÐptwsh pou mìlic antimetwpÐsame), ufÐstatai epÐshc mia metaforikă (advective) taqÔthta, me sunistÿsa kĹjeth sthn kampÔlh F_{adv} = −⃗U(x, y, t)· ⃗N (mporoÔme na fantastoÔme ìti h kampÔlh epiplèei se èna ugrì pou kineÐtai me taqÔthta −⃗U(x, y, t)). ’Estw, tèloc, ìti h kampÔlh kineÐtai kai me taqÔthta F_{curv} = ϵ(x, y)κ anĹlogh thc kampulìthtĹc thc se kĹje shmeÐo.

To sunolikì montèlo, me sunistamènh taqÔthta F = F_{prop} + F_{adv} + F_{curv} dÐnei thn exÐswsh (antikajistoÔme thn F ston tÔpo (1.15), lambĹnontac upìyh ìti ⃗N = −∇u/‖∇u‖): u_t = F_0‖∇u‖ + ⃗U(x, y, t) · ∇u + ϵ(x, y)κ‖∇u‖ (2.33) Autì to montèlo eÐnai shmantikì gia to prìblhmĹ mac afoÔ h exÐswsh exèlixhc twn gewdaitikÿn energÿn perigrammĹtwn me thn prosjăkh thc balloon force (1.11) grĹfetai se aută th morfă, me F_0 = cg(x, y) (balloon force), ⃗U(x, y) = ∇g (gewdaitikă èlxh proc tic akmèc) kai ϵ(x, y) = g(x, y) (surrÐknwsh thc kampÔlhc apì thn kampulìthta, me èmfash se perioqèc makriĹ apì akmèc). H g katĹ ta gnwstĹ prokÔptei apì th sqèsh (1.7).

O prÿtoc ìroc thc exÐswshc (2.33) ja proseggisteÐ me qrăsh twn sqhmĹtwn pou suzhtăsame sthn prohgoÔmenh upoenìthta. O deÔteroc ìroc antistoiqeÐ se kajarĹ metaforikă kÐnhsh. To sqăma pou ja epilegeÐ prèpei na sèbetai to fusikì qaraktăra thc kÐnhshc: Sth diakrită prosèggish thc exÐswshc me peperasmènec diaforèc h plhroforÐa ja prèpei na diadÐdetai sthn Ðdia kateÔjunsh me thn taqÔthta tou fusikoÔ problămatoc, an jèloume na èqoume eustĹjeia. Gia autìn to lìgo ja proseggÐsoume autìn ton ìro me upwind sqăma (dec thn upoenìthta 2.1.2). Tèloc gia ton trÐto ìro ja prèpei na qrhsimopoiăsoume kentrikèc diaforèc. ToÔto ofeÐletai sto gegonìc ìti o trÐtoc ìroc prokaleÐ omalopoÐhsh thc kampÔlhc, èqei dhladă qaraktăra (mh-grammikăc) diĹqushc. FtĹnoume loipìn sto parakĹtw explicit sto qrìno arijmhtikì sqăma gia thn exÐswsh (2.33):

u^{n+1}_{ij} = u^n_{ij} + τ { [max(F_{0ij} , 0)∇^+ + min(F_{0ij} , 0)∇^−]

+[max(u^n_{ij}, 0)D^{−x}_{ij} + min(u^n_{ij}, 0)D^{+x}_{ij} + max(v^n_{ij}, 0)D^{−y}_{ij} + min(v^n_{ij} , 0)D^{+y}_{ij} ]

+[ϵ(x, y)K^n_{ij} ((D^{0x}_{ij} )^2 + (D^{0y}_{ij} )^2)^{1/2}] } , (2.34)

ìpou ⃗U = (u, v). Gia ton upologismì thc kampulìthtac K^n_{ij} proseggÐzoume tic paragÿgouc thc exÐswshc (1.14) me kentrikèc diaforèc. Gia touc upìloipouc ìrouc qrhsimopoioÔme ton Ðdio sumbolismì me thn upoenìthta 2.2.1. EnnoeÐtai bèbaia ìti kai tÿra to qronikì băma τ periorÐzetai apì mia sqèsh anĹlogh thc (2.32).

2.3 EpitĹqunsh me teqnikèc stenăc zÿnhc 47

2.3 EpitĹqunsh me teqnikèc stenăc zÿnhc

Sqăma 2.2: Exèlixh kampÔlhc me epipedosÔnola kai teqnikèc stenăc zÿnhc gia thn eikìna <<Nìmisma kai GualiĹ>>. AntÐ na ananeÿnoume thn timă thc sunĹrthshc u(x, y, t) se ìlo to epÐpedo thc eikìnac se kĹje epanĹlhyh, periorÐzoume touc upologismoÔc se mia stenă zÿnh (skoÔro qrÿma) gÔrw apì thn ekĹstote jèsh tou metÿpou.

’Opwc èqoume ădh suzhtăsei, h basikă idèa thc teqnikăc twn epipedosunìlwn eÐnai h exèlixh miac epifĹneiac diĹstashc n na dÐnetai èmmesa apì thn exèlixh miac sunĹrthshc u(⃗x, t) n + 1 qwrikÿn metablhtÿn. Epakìloujo autoÔ ìmwc eÐnai ìti h Ĺmesh efarmogă twn arijmhtikÿn sqhmĹtwn thc enìthtac 2.2 eÐnai upologistikĹ akribă, afoÔ, gia parĹdeigma, se kĹje epanĹlhyh tou arijmhtikoÔ sqămatoc (2.34) apaiteÐtai h ananèwsh twn timÿn thc u pou antistoiqoÔn se ìla ta pixel thc eikìnac. Epiplèon, to mègisto epitreptì qronikì băma τ_{max} apì th sqèsh (2.32) periorÐzetai apì th mègisth timă thc F_{ij} se olìklhro to epÐpedo thc eikìnac.

H teqnikă stenăc zÿnhc (narrowband), pou prwtoqrhsimopoiăjhke apì ton Chopp sto [19] kai analÔetai sto [2] antimetwpÐzei autĹ akribÿc ta problămata. H basikă idèa, pou faÐnetai sto sqăma 2.2, eÐnai ìti katĹ thn efarmogă twn sqhmĹtwn thc enìthtac 2.2 arkeÐ na ananeÿnoume tic timèc u_{ij} mìno se mia stenă zÿnh gÔrw apì thn ekĹstote jèsh tou metÿpou. Autì eÐnai efiktì epeidă to mètwpo exelÐssetai me omalì trìpo.

Pio sugkekrimèna, èqontac dedomènh mia arqikă kampÔlh, arqikopoioÔme th stenă zÿnh me to sÔnolo twn shmeÐwn (entìc kai ektìc thc kampÔlhc) pou apèqoun apì thn kampÔlh ligìtero apì mia apìstash d. ’Otan gÐnetai qrăsh explicit sqhmĹtwn to d epilègetai me trìpo pou h stenă zÿnh na èqei plĹtoc ≈ 5 pixels. Sth sunèqeia ananeÿnoume mìno ta u_{ij} pou antistoiqoÔn se shmeÐa (i, j) entìc thc stenăc zÿnhc. ’Otan h kampÔlh ftĹsei kontĹ sta ìria thc stenăc zÿnhc, tìte epanarqikopoioÔme th stenă zÿnh kai h diadikasÐa epanalambĹnetai. Leptomèreiec gia sunoriakèc sunjăkec sta ìria thc stenăc zÿnhc, gia to pÿc mporoÔme na diapistÿnoume ìti to mètwpo plhsiĹzei sta ìria thc stenăc zÿnhc ktl mporeÐ na brei o anagnÿsthc sta [67] kai [58]. To mègisto epitrepìmeno qronikì băma τ_{max} apì th sqèsh (2.32) periorÐzetai tÿra apì th mègisth timă thc F_{ij} sth stenă zÿnh kai ìqi se olìklhro to epÐpedo thc eikìnac.

H diadikasÐa thc (epan)arqikopoÐhshc paÐzei spoudaÐo rìlo ston parapĹnw algìrijmo. Sunăjwc eÐnai epijumhtì h sunĹrthsh u na (epan)arqikopoieÐtai se proshmasmèno metasqhmatismì apìstashc apì to mètwpo, opìte ‖∇u‖ = 1, giatÐ autì sunepĹgetai polÔ kalèc idiìthtec gia ta arijmhtikĹ mac sqămata. Gia na epiteuqjeÐ autì dÔo proseggÐseic èqoun epikratăsei sth bibliografÐa:

• KĹje forĹ pou apaiteÐtai (epan)arqikopoÐhsh epilÔoume wc thn telikă katĹstash thn akìloujh bohjhtikă Hamilton-Jacobi PDE: { d_t + sign(d)(‖∇d‖ − 1) = 0 d(x, y, 0) = u(x, y, t_0) (2.35)

Blèpoume ìti sthn telikă katĹstash d_t = 0, opìte kai ‖∇d‖ = 1, ìpwc epijumoÔme. Aută h mèjodoc qrhsimopoieÐtai idiaÐtera apì thn omĹda tou Osher. Mia sÔgqronh anaforĹ gia tic leptomèreiec ulopoÐhshc thc mejìdou (arijmhtikĹ sqămata, katĹllhlh epilogă gia thn arijmhtikă prosèggish thc sunĹrthshc prosămou sign(d) ktl) eÐnai to [58].

• H epÐlush thc eikonal PDE (1.16) gia to omogenèc isotropikì prìblhma me F (x, y) = 1, pou dÐnei thn exÐswsh ‖∇T ‖ = 1. ’Enac polÔ grăgoroc algìrijmoc gia thn epÐlush autoÔ tou problămatoc parousiĹzetai sthn enìthta 2.4.

Sto plaÐsio thc paroÔsac ergasÐac ulopoiăsame kai tic dÔo autèc mejìdouc. Oi entupÿseic mac parousiĹzontai sthn enìthta 5.4.

AxÐzei tèloc na shmeiwjeÐ ìti h diadikasÐa epanarqikopoÐhshc eÐnai jemeliwmènh jewrhtikĹ sta [18] kai [25]. EkeÐ oi suggrafeÐc deÐqnoun ìti, toulĹqiston gia thn akribă lÔsh tou problămatoc, h kÐnhsh thc kampÔlhc

Γ(t) = {(x, y) : u(x, y, t) = 0} den exartĹtai apì th sugkekrimènh epilogă gia thn arqikă sunjăkh u(x, y, 0), arkeÐ to sÔnolo {(x, y) : u(x, y, 0) = 0} na sumpÐptei me to Γ(0). Upì autì to prÐsma h (epan)arqikopoÐhsh den eÐnai parĹ h antikatĹstash thc u(x, y, t) apì mia Ĺllh sunĹrthsh ũ(x, y, t) pou èqei to Ðdio mhdenikì epipedosÔnolo allĹ kalÔterec arijmhtikèc idiìthtec apì thn u.

2.4 O algìrijmoc taqeÐac proèlashc

Sthn upoenìthta 1.3.3 eÐdame ìti gia thn eidikă perÐptwsh kÐnhshc kampÔlhc pou h sunĹrthsh taqÔthtac F diathreÐ prìshmo (eÐnai dhladă eÐte pĹnta jetikă eÐte pĹnta arnhtikă) kai epiplèon exartĹtai mìno apì tic qwrikèc suntetagmènec, dhladă F = F (⃗x), tìte to prìblhma exèlixhc thc kampÔlhc anĹgetai sthn epÐlush tou problămatoc sunoriakÿn timÿn { ‖∇T ‖F (x, y) = 1 T (x, y) = 0 gia (x, y) ∈ Γ(0)

(2.36)

gnwstoÔ sth bibliografÐa kai me ton ìro eikonal PDE. Gia thn arijmhtikă epÐlush thc exÐswshc (2.36) mporoÔme na proseggÐsoume to ‖∇T ‖ me tic ekfrĹseic (2.31), pou epilègoun thn katĹllhlh lÔsh ixÿdouc kontĹ sta shocks. Gia parĹdeigma, ìtan F > 0 epilègoume to ∇^+ kai odhgoÔmaste sto diakritì sÔsthma exisÿsewn:

max^2[D^{−x}_{ij} T, −D^{+x}_{ij} T, 0] + max^2[D^{−y}_{ij} T, −D^{+y}_{ij} T, 0] = 1/F^2_{ij} (2.37)

ParathroÔme ìti mporoÔme na upologÐsoume thn timă tou T_{ij} an xèroume tic timèc thc T sta tèssera geitonikĹ pixels (n,w,e,s), lÔnontac mia deuterobĹjmia exÐswsh wc proc to T_{ij} .

Gia na lÔsoume autèc tic exisÿseic tautìqrona mÐa dunatìthta ja ătan na xekinăsoume me mÐa arqikă prosèggish thc lÔshc kai na th beltiÿsoume stadiakĹ, efarmìzontac epanalhptikĹ tic exisÿseic (2.37) [62]. Autì ìmwc eÐnai upologistikĹ akribì giatÐ apaitoÔntai pollèc sarÿseic tou qwrÐou mèqri h diadikasÐa qalĹrwshc na sugklÐnei sth lÔsh.

O deÔteroc trìpoc prosèggishc tou problămatoc eÐnai h mèjodoc taqeÐac proèlashc (fast marching), pou protĹjhke apì ton Sethian to 1996 [66]^2. H mèjodoc basÐzetai sthn paratărhsh ìti h plhroforÐa entìc thc exÐswshc (2.37) diadÐdetai mìno se mÐa kateÔjunsh, apì mikrèc timèc tou T se megalÔterec. Autì mporoÔme na to ekmetalleutoÔme prokeimènou na sarÿsoume ta pixels me susthmatikì trìpo, arqÐzontac apì autĹ pou eÐnai kontĹ sthn arqikă kampÔlh kai apomakrunìmenoi stadiakĹ, kataskeuĹzontac ètsi ta swstĹ T_{ij} se ìlo to qÿro.

2Mia isodÔnamh morfă tou algorÐjmou eÐqe protajeÐ to 1995 sto [72]

Sqăma 2.3: O algìrijmoc taqeÐac proèlashc gia thn eikonal PDE. Kajÿc to mètwpo exelÐssetai me kateÔjunsh proc ta mèsa, nèa pixels enhmerÿnontai gia th (gkrÐza) apìstasă touc apì thn arqikă kampÔlh. Ta Active pixels brÐskontai se ourĹ proteraiìthtac kai perimènoun th seirĹ touc gia na perĹsei apì pĹnw touc h kampÔlh. Apì to [56].

Pio sugkekrimèna kai me anaforĹ to sqăma 2.3, ta pixels qwrÐzontai se treic kathgorÐec:

1. Alive: AutĹ gia ta opoÐa gnwrÐzoume ădh thn oristikă timă gia to T .

2. Active: AutĹ ta opoÐa geitoneÔoun me pixels thc prÿthc kathgorÐac, èqoun mia proswrină timă gia to T kai eÐnai upoyăfia na proseggistoÔn apì to mètwpo sthn epìmenh epanĹlhyh.

3. Far Away: AutĹ pou den anăkoun akìma se kamÐa apì tic dÔo prohgoÔmenec kathgorÐec kai jewroÔme ìti apèqoun ∞ apì thn arqikă kampÔlh ` mèqri newtèrac toulĹqiston.

O algìrijmoc qwrÐzetai se dÔo fĹseic:

1. ArqikopoÐhsh: Ta pixels pou geitoneÔoun me to mètwpo arqikopoioÔntai me thn apìstasă touc apì to Γ(0) kai entĹssontai sthn kathgorÐa Alive. Ta Ĺmesa geitonikĹ touc pixels paÐrnoun proswrinèc timèc me bĹsh thn exÐswsh (2.37) kai mpaÐnoun sthn kathgorÐa Active. Ta upìloipa pixels mpaÐnoun sthn kathgorÐa Far Away.

2. Proèlash: To pixel p_0 thc kathgorÐac Active pou èqei thn mikrìterh proswrină timă T bgaÐnei apì thn kathgorÐa Active kai entĹssetai sthn kathgorÐa Alive. Ta geitonikĹ tou pixels, an anăkoun sthn kathgorÐa Far Away paÐrnoun proswrinèc timèc me bĹsh thn exÐswsh (2.37) kai mpaÐnoun sthn kathgorÐa Active. An ădh anăkoun sthn kathgorÐa Active exetĹzoume an upĹrqei dunatìthta epÐteuxhc timăc T mikrìterhc apì thn upĹrqousa kai, eĹn autì eÐnai dunatì, jètoume wc nèa timă gia to T th mikrìterh.

O algìrijmoc stamatĹei ìtan ìla ta pixels entaqjoÔn sthn kathgorÐa Alive.

KleidÐ gia thn taqeÐa ulopoÐhsh tou algorÐjmou eÐnai h qrăsh miac domăc dedomènwn pou na epitrèpei th grăgorh exagwgă tou elĹqistou stoiqeÐou enìc sunìlou. Mia tètoia afhrhmènh domă dedomènwn eÐnai h ourĹ proteraiìthtac pou ulopoieÐtai grăgora me th qrăsh swroÔ (heap) [20]. O swrìc N stoiqeÐwn uposthrÐzei exagwgă tou mikrìterou stoiqeÐou apì sÔnolo se qrìno O(1) kai prosjăkh stoiqeÐou me apokatĹstash thc idiìthtac swroÔ se qrìno O(log N). ’Etsi h poluplokìthta tou algorÐjmou taqeÐac proèlashc prokÔptei na eÐnai O(P log P ) sth qeirìterh perÐptwsh, ìpou P eÐnai o arijmìc twn pixels thc eikìnac.

Prèpei, tèloc, na shmeiÿsoume ìti katĹ thn arijmhtikă epÐlush thc exÐswshc (2.36) den èqoume kĹpoio periorismì anĹlogo thc sqèshc (2.32) prokeimènou na petÔqoume eustĹjeia. Autì ofeÐletai sto gegonìc ìti prìkeitai gia stĹsimo prìblhma kajarĹ sunoriakÿn timÿn, sto opoÐo den èqoume kamÐa qronikă exèlixh.

KefĹlaio 3

Arijmhtikèc Mèjodoi gia thn EpÐlush Araiÿn Algebrikÿn SusthmĹtwn

H epÐlush araiÿn grammikÿn algebrikÿn susthmĹtwn thc morfăc

Ax = b, (3.1)

ìpou A = {a_{ij}} ènac N × N pÐnakac, eÐnai suqnĹ èna aparaÐthto băma katĹ th diadikasÐa epÐlushc merikÿn diaforikÿn exisÿsewn me arijmhtikèc mejìdouc. Gia parĹdeigma, h epÐlush thc exÐswshc Poisson me peperasmènec diaforèc ă peperasmèna stoiqeÐa sunăjwc anĹgetai sthn epÐlush enìc polÔ megĹlou sustămatoc exisÿsewn me lÐga ìmwc mh-mhdenikĹ stoiqeÐa. Sthn paroÔsa ergasÐa h epÐlush grammikÿn susthmĹtwn diastĹsewn N × N, ìpou N ∼ 10^5 eÐnai o arijmìc twn pixels thc eikìnac pou epexergazìmaste, eÐnai aparaÐthth katĹ th diakritopoÐhsh twn montèlwn tou KefalaÐou 1 me implicit sqămata peperasmènwn diaforÿn, ìpwc ja doÔme me leptomèreia sta KefĹlaia 4 kai 5. AntikeÐmeno tou parìntoc KefalaÐou eÐnai na eisagĹgei ton anagnÿsth se teqnikèc pou epitrèpoun th grăgorh epÐlush araiÿn grammikÿn susthmĹtwn kai ja qrhsimopoihjoÔn stouc taqeÐc algorÐjmouc twn epìmenwn KefalaÐwn.

3.1 ApeujeÐac mèjodoi

Me ton ìro apeujeÐac mèjodoi (direct methods) gia thn epÐlush tou sustămatoc (3.1) qarakthrÐzoume arijmhtikoÔc algorÐjmouc pou ftĹnoun sthn akribă lÔsh tou sustămatoc (se upologistă me Ĺpeiro măkoc lèxhc) Ôstera apì peperasmèno arijmì bhmĹtwn.

3.1 ApeujeÐac mèjodoi 53

H qrăsh apeujeÐac mejìdwn pou eÐnai sqediasmènec gia thn epÐlush puknÿn grammikÿn susthmĹtwn sthn perÐptwsh araiÿn pinĹkwn eÐnai, dustuqÿc, mh apodotikă. Gia parĹdeigma, h mèjodoc apaloifăc tou Gauss, pou èqei poluplokìthta O(N^3) pollaplasiasmoÔc/diairèseic kai apaiteÐ apojhkeutikì qÿro N^2 jèsewn mnămhc, de ja mporoÔse na qrhsimopoihjeÐ sthn perÐptwsh twn problhmĹtwn pou mac endiafèroun.

Parìla autĹ upĹrqoun klĹseic problhmĹtwn, pou qarakthrÐzontai apì eidikèc morfèc tou pÐnaka A, gia tic opoÐec èqoun anakalufjeÐ polÔ grăgoroi apeujeÐac algìrijmoi. Mia tètoia perÐptwsh eÐnai ta tridiagÿnia sustămata, pou èqoun th morfă:

b_1 −c_1 0 −a_2 b_2 −c_2

. .. ... . .. −a_{N−1} b_{N−1} −c_{N−1} 0 −a_N b_N x_1 x_2 . . x_{N−1} x_N = d_1 d_2 . . d_{N−1} d_N (3.2)

AutĹ ta sustămata emfanÐzontai katĹ th diakritopoÐhsh monodiĹstatwn PDEs. Gia ta tridiagÿnia sustămata upĹrqei mia aplopoihmènh morfă thc apaloifăc Gauss, gnwstă kai wc algìrijmoc tou Thomas pou mporeÐ na qrhsimopoihjeÐ apodotikĹ [24].

Pio sugkekrimèna, parathroÔme ìti se kĹje grammă tou pÐnaka A upĹrqei mìno èna mh-mhdenikì stoiqeÐo kĹtw apì thn kÔria diagÿnio pou prèpei na apaleifjeÐ. ’Estw l_i, m_i oi posìthtec pou antikajistoÔn ta b_i, d_i, antÐstoiqa, katĹ th diadikasÐa thc apaloifăc. O algìrijmoc tìte proqwrĹei se dÔo bămata:

(i) Apaloifă

l_1 = b_1 m_1 = d_1

l_i = b_i − c_{i−1}a_i l_{i−1} m_i = d_i + m_{i−1}a_i l_{i−1} i = 2, . . . , N (ii) ’Opisjen antikatĹstash

x_N = m_N l_N x_i = m_i + c_ix_{i+1} l_i i = N − 1, . . . , 1 MporeÐ na apodeiqteÐ ìti o algìrijmoc tou Thomas eÐnai eustajăc gia pÐnakec me austhră diagÿnia uperoqă: |b_i| > |a_i| + |c_i|, ∀i = 1, . . . , N. To kìstoc tou parapĹnw algorÐjmou apì pleurĹc upologismÿn eÐnai 5N pollaplasiasmoÐ/diairèseic kai apì pleurĹc apojhkeutikoÔ qÿrou O(N) jèseic mnămhc.

54 Arijmhtikèc Mèjodoi gia thn EpÐlush Araiÿn Algebrikÿn SusthmĹtwn

Prìkeitai dhladă gia algìrijmo grammikăc poluplokìthtac, kĹti pou eÐnai polÔ jetikì qarakthristikì tou algorÐjmou.

Prèpei na tonÐsoume edÿ ìti oi apeujeÐac mèjodoi gia thn epÐlush araiÿn algebrikÿn susthmĹtwn den periorÐzontai se kamiĹ perÐptwsh ston algìrijmo tou Thomas kai ta tridiagÿnia sustămata. Mia polÔ kală anaforĹ gia autĹ ta jèmata eÐnai to [23].

3.2 Epanalhptikèc mèjodoi

H qrăsh epanalhptikÿn mejìdwn (iterative methods) eÐnai polÔ sunhjismènh sthn epÐlush megĹlwn kai araiÿn algebrikÿn susthmĹtwn pou prokÔptoun katĹ th diakritopoÐhsh PDEs. Oi epanalhptikèc mèjodoi, se antÐjesh me th mèjodo apaloifăc, èqoun to pleonèkthma ìti diathroÔn thn araiă domă tou pÐnaka suntelestÿn katĹ th diadikasÐa efarmogăc touc. Apì thn Ĺllh pleurĹ, ìmwc, h sÔgklisă touc den eÐnai pĹnta exasfalismènh kai exartĹtai apì to sugkekrimèno pÐnaka suntelestÿn A thc exÐswshc (3.1).

Pio sugkekrimèna, ac diamerÐsoume ton pÐnaka A se treic pÐnakec L, D kai U pou eÐnai to kĹtw trigwnikì tmăma, h diagÿnioc kai to Ĺnw trigwnikì tmăma tou pÐnaka A, antÐstoiqa. Tìte

A = L + D + U (3.3)

kai to sÔsthma (3.1) grĹfetai

(L + D + U)x = b (3.4)

H teleutaÐa exÐswsh grĹfetai kai sth morfă

Dx = −(L + U)x + b (3.5)

An upojèsoume ìti ta diagÿnia stoiqeÐa tou A eÐnai ìla mh-mhdenikĹ, tìte o D eÐnai antistrèyimoc kai odhgoÔmaste sthn epanalhptikă diadikasÐa

x^{n+1} = −D^{−1}(L + U)x^n + D^{−1}b (3.6)

gia kĹpoio arqikì diĹnusma x^0. Aută eÐnai h epanalhptikă mèjodoc tou Jacobi. AnaptÔssontac thn exÐswsh pinĹkwn (3.6) h mèjodoc grĹfetai kai sth morfă (gia pÐnaka 3 × 3 kai x = (x_1, x_2, x_3)^T )

x^{n+1}_1 = (b1 − a_{12}x^n_2 − a_{13}x^n_3 )/a_{11} x^{n+1}_2 = (b2 − a_{21}x^n_1 − a_{23}x^n_3 )/a_{22} x^{n+1}_3 = (b3 − a_{31}x^n_1 − a_{32}x^n_2 )/a_{33}

(3.7)

3.2 Epanalhptikèc mèjodoi 55

Mia diaforetikă mèjodoc prokÔptei ìtan grĹyoume thn exÐswsh (3.4) sth morfă (L + D)x = −Ux + b (3.8) pou odhgeÐ sth mèjodo Gauss-Seidel:

x^{n+1} = −(L + D)^{−1}Ux^n + (L + D)^{−1}b (3.9)

Gia na upĹrqei o (L + D)^{−1} arkeÐ pĹli ta diagÿnia stoiqeÐa tou A eÐnai ìla mh-mhdenikĹ. Shmeiwtèon ìti h mèjodoc mporeÐ na grafeÐ kai sth morfă

x^{n+1} = x^n + D^{−1}(b − Lx^{n+1} − Ux^n − Dx^n) (3.10)

pou odhgeÐ sthn ulopoÐhsh (gia pÐnaka 3 × 3)

x^{n+1}_1 = (b1 − a_{12}x^n_2 − a_{13}x^n_3 )/a_{11} x^{n+1}_2 = (b2 − a_{21}x^{n+1}_1 − a_{23}x^n_3 )/a_{22} x^{n+1}_3 = (b3 − a_{31}x^{n+1}_1 − a_{32}x^{n+1}_2 )/a_{33}

(3.11)

SugkrÐnontac tic exisÿseic (3.7) kai (3.11) parathroÔme ìti sthn epanalhptikă diadikasÐa Gauss-Seidel qrhsimopoioÔme tic pio prìsfatec diajèsimec timèc gia touc agnÿstouc {x_i} sto dexÐ mèloc thc (3.11), enÿ sth mèjodo Jacobi qrhsimopoioÔme tic timèc apì thn prohgoÔmenh epanĹlhyh.

Mia parallagă thc mejìdou Jacobi prokÔptei an pĹroume gia x^{n+1} to stajmismèno Ĺjroisma thc timăc pou prokÔptei apì th mèjodo Jacobi (me bĹroc ω) kai thc timăc x^n apì thn prohgoÔmenh epanĹlhyh (me bĹroc 1 − ω). H prokÔptousa mèjodoc onomĹzetai stajmismènh mèjodoc Jacobi kai perigrĹfetai apì thn exÐswsh:

x^{n+1} = [(1 − ω)I − ωD^{−1}(L + U)]x^n + ωD^{−1}b (3.12)

Prokeimènou na analÔsoume th sÔgklish autÿn twn mejìdwn, parathroÔme ìti ìlec grĹfontai sth morfă:

x^{n+1} = Gx^n + d (3.13) me G^J = −D^{−1}(L + U) = I − D^{−1}A (3.14aþ) G^{GS} = −(L + D)^{−1}U (3.14bþ) G^{W J} = (1 − ω)I − ωD^{−1}(L + U) = I − ωD^{−1}A (3.14gþ)

gia tic treic mejìdouc pou exetĹsame wc tÿra. Aută h morfă onomĹzetai genikă epanalhptikă mèjodoc.

56 Arijmhtikèc Mèjodoi gia thn EpÐlush Araiÿn Algebrikÿn SusthmĹtwn

H akribăc lÔsh x^∗ tou sustămatoc pou prospajoÔme na lÔsoume eÐnai stajerì shmeÐo thc (3.13), dhladă x^∗ = Gx^∗ + d. Afairÿntac thn teleutaÐa sqèsh apì thn (3.13) prokÔptei ìti to sfĹlma e^n = x^∗ − x^n exelÐssetai sÔmfwna me thn exÐswsh

e^{n+1} = Ge^n = G^{n+1}e^0 (3.15)

’Eqoume xanadeÐ parìmoia exèlixh sthn upoenìthta 2.1.4, ìtan meletoÔsame thn eustĹjeia arijmhtikÿn mejìdwn me th mèjodo tou pÐnaka. Apì to Jeÿrhma 2.2 prokÔptei Ĺmesa to akìloujo pìrisma:

Pìrisma 3.1. Ikană kai anagkaÐa sunjăkh gia na sugklÐnei h mèjodoc 3.13 gia kĹje arqikì diĹnusma ektÐmhshc x^0 eÐnai h fasmatikă aktÐna ρ(G) < 1.

’Etsi mporoÔme, gia parĹdeigma, na apodeÐxoume ìti h austhră diagÿnia uperoqă tou pÐnaka A odhgeÐ se sÔgklish thc mejìdou Jacobi epeidă odhgeÐ se pÐnaka G_J me ρ(G_J ) < 1 (gia thn apìdeixh dec p.q. to [30]).

Bèbaia pèra apì th sÔgklish ă mh-sÔgklish miac epanalhptikăc mejìdou polÔ shmantikă eÐnai kai h taqÔthta sÔgklishc, dhladă pìso grăgora ja mac dÿsei mia lÔsh pou mporeÐ na jewrhjeÐ wc ikanopoihtikă prosèggish thc akriboÔc lÔshc gia to prìblhma pou mac endiafèrei.

Gia na aplopoiăsoume thn anĹlush jewroÔme ìti o pÐnakac G èqei N grammikĹ anexĹrthta idiodianÔsmata v_1, . . . , v_N (autì isqÔei p.q. ìtan o G eÐnai summetrikìc, ìpwc sumbaÐnei suqnĹ sthn prĹxh), pou antistoiqoÔn stic idiotimèc λ_s, arijmhmènec katĹ fjÐnousa apìluth timă (blèpe exÐswsh (2.17)). Ta {v_s} apoteloÔn mia bĹsh sto R^N . EkfrĹzontac to arqikì sfĹlma e^0 se aută th bĹsh paÐrnoume

e^0 = N∑ s=1 γ_sv_s (3.16)

’Etsi prokÔptei gia to sfĹlma e^n h sqèsh:

e^n = G^ne^0 = G^n N∑ s=1 γ_sv_s

= N∑ s=1 γ_sG^nv_s = N∑ s=1 γ_sλ^n_s v_s

= λ^n_1 [γ_1v_1 + N∑ s=2 γ_s( λ_s λ_1

)^nv_s]

= ρ^n[γ_1v_1 + N∑ s=2 γ_s( λ_s ρ )^nv_s],

(3.17) ìpou ρ ≡ ρ(G) = λ_1 eÐnai h fasmatikă aktÐna tou pÐnaka G.

ParathroÔme ìti oi sunistÿsec tou sfĹlmatoc pou antistoiqoÔn se diaforetikĹ idiodianÔsmata aposbènontai me diaforetikoÔc rujmoÔc, pou tautÐzontai me tic antÐstoiqec idiotimèc λ_s. Gia megĹlo n to Ĺjroisma ston teleutaÐo tÔpo teÐnei sto mhdèn kai sto sfĹlma kuriarqeÐ h sunistÿsa pou antistoiqeÐ sto v_1. AsumptwtikĹ èqoume loipìn:

e^n ≈ ρ^nγ_1v_1 (3.18)

Apì ton tÔpo (3.18) prokÔptei ìti, prokeimènou na beltiwjeÐ h prosèggish thc lÔshc katĹ mÐa tĹxh megèjouc (dhladă to sfĹlma na gÐnei dèka forèc mikrìtero) metĹ thn epikrĹthsh thc sunistÿsac pou antistoiqeÐ sto v_1, apaitoÔntai − log_{10} ρ epanalăyeic. Autì to mègejoc onomĹzetai rujmìc sÔgklishc (convergence rate) thc mejìdou kai metriètai se (yhfÐa akrÐbeiac/epanĹlhyh). Blèpoume loipìn ìti h taqÔthta sÔgklishc thc mejìdou, toulĹqiston metĹ apì kĹpoia metabatikă perÐodo, exartĹtai apì th fasmatikă aktÐna tou pÐnaka G. 3.3 H mèjodoc pollaplÿn plegmĹtwn

H mèjodoc pollaplÿn plegmĹtwn (multigrid method) eÐnai Ðswc h pio genikă taqeÐa mèjodoc gia thn epÐlush araiÿn algebrikÿn susthmĹtwn. Se antÐjesh me Ĺllec teqnikèc, h mèjodoc pollaplÿn plegmĹtwn dÐnei th dunatìthta epÐlushc araiÿn grammikÿn susthmĹtwn me N agnÿstouc me grammikì kìstoc O(N), kai autì ìqi mìno se eidikèc periptÿseic, allĹ gia mÐa eureÐa gkĹma problhmĹtwn. EnnoiologikĹ èqei megĹlh suggèneia me thn anĹlush eikìnwn se pollaplèc klÐmakec, afoÔ kai oi dÔo mèjodoi prokeimènou na epilÔsoun èna prìblhma megĹlhc diĹstashc to diaspoÔn prÿta se mia puramÐda problhmĹtwn mikrìterhc diĹstashc.

Gia na deÐxoume thn arqă leitourgÐac thc multigrid mejodologÐac ja analÔsoume thn efarmogă thc sthn epÐlush enìc grammikoÔ sustămatoc pou prokÔptei katĹ th diakritopoÐhsh tou parakĹtw problămatoc arqikÿn/sunoriakÿn timÿn me implicit sqămata: ∂u ∂t = ∂^2u ∂x^2 (3.19)

me u = 0 gia x = 0 kai gia x = 1. Parìmoio prìblhma eÐqame diereunăsei sthn upoenìthta 2.1.4 gia na epideÐxoume th qrăsh mejìdwn anĹlushc eustĹjeiac. H mình diaforĹ me ekeÐnh thn perÐptwsh (sel. 43) eÐnai ìti edÿ èqoume diaforetikèc sunoriakèc sunjăkec. Autì to kĹnoume aplĹ kai mìno epeidă h epilogă twn sugkekrimènwn sunoriakÿn sunjhkÿn ja mac dieukolÔnei sthn anĹlush pou akoloujeÐ.

58 Arijmhtikèc Mèjodoi gia thn EpÐlush Araiÿn Algebrikÿn SusthmĹtwn

Ja qrhsimopoiăsoume to akìloujo implicit sqăma peperasmènwn diaforÿn gia thn (3.19):

u^{n+1}_i = u^n_i + τ(u^{n+1}_{i−1} − 2u^{n+1}_i + u^{n+1}_{i+1} ) gia i = 1, . . . , N − 1 (3.20)

H sunoriakă sunjăkh dÐnei epiplèon u^n_0 = u^n_N = 0. ’Eqoume epÐshc jèsei h = 1, opìte r = τ/h^2 = τ. SugkrÐnontac thn teleutaÐa exÐswsh me thn (2.20) blèpoume ìti gia thn prosèggish thc qwrikăc paragÿgou qrhsimopoioÔme tÿra tic timèc tou u katĹ th qronikă stigmă n + 1. To ìfeloc autăc thc allagăc eÐnai eustĹjeia dÐqwc periorismoÔc sto qronikì băma. To kìstoc eÐnai ìti ja apaithjeÐ h lÔsh grammikoÔ sustămatoc se kĹje epanĹlhyh.

Autì to sqăma mporeÐ na grafeÐ pio suneptugmèna sth morfă

u^{n+1} = u^n + τSu^{n+1} (3.21)

ă, isodÔnama: ( 1 τ I − S)u^{n+1} = 1 τ u^n, (3.22)

ProkÔptei dhladă grammikì sÔsthma me pÐnaka suntelestÿn agnÿstwn A = 1 τ I − S, ìpou S eÐnai o parakĹtw tridiagÿnioc (N − 1) × (N − 1) pÐnakac:

S = −2 1 0 1 −2 1

... . .. ...

1 −2 1 0 1 −2

(3.23)

Oi idiotimèc kai ta idiodianÔsmata tou pÐnaka S upologÐzontai me trìpo anĹlogo me autìn pou qrhsimopoiăsame sthn upoenìthta 2.1.4. ProkÔptoun oi idiotimèc:

λ_s = −4 sin^2( sπ 2N ) gia s = 1, . . . , N − 1 (3.24)

Sto λ_s antistoiqeÐ to idiodiĹnusma v_s me sunistÿsec:

(v_i)_s = sin( isπ N ) gia i = 1, . . . , N − 1 (3.25)

Apì to Lămma (2.4), oi idiotimèc l_s tou pÐnaka A =^1_τ I − S sundèontai me tic idiotimèc λ_s tou pÐnaka S me th sqèsh l_s = 1/τ − λ_s, enÿ ta idiodianÔsmata eÐnai ta Ðdia. Sunepÿc èqoume

l_s = 1 τ + 4 sin^2( sπ 2N ) gia s = 1, . . . , N − 1 (3.26)

EÐmaste tÿra ètoimoi na proqwrăsoume sthn anĹlusă mac. Ja doÔme katarqăn giatÐ oi epanalhptikèc mèjodoi thc prohgoÔmenhc enìthtac parousiĹzoun argă sÔgklish kai eÐnai aneparkeÐc. Sth sunèqeia ja doÔme pÿc h mèjodoc twn pollaplÿn plegmĹtwn katafèrnei na epitaqÔnei th sÔgklish proc thn orjă lÔsh.

Apì tic epanalhptikèc mejìdouc thc prohgoÔmenhc enìthtac ja analÔsoume th stajmismènh mèjodo Jacobi, ìtan aută efarmosteÐ sto prìblhma pou exetĹzoume. Epeidă ìla ta stoiqeÐa thc kÔriac diagwnÐou tou pÐnaka A eÐnai Ðsa me 2 + 1/τ, èqoume D = (2 + 1/τ)I. ’Ara (dec kai exÐswsh (3.14gþ)) prokÔptei ìti o pÐnakac thc stajmismènhc mejìdou Jacobi eÐnai o: G^{W J} = I − ωD^{−1}A = I − ω 2 + 1/τ

A (3.27)

Apì to Lămma (2.4) oi idiotimèc tou pÐnaka G^{W J} eÐnai oi:

λ^{W J}_s = 1 − ω 2 + 1/τ l_s (3.28)

(3.26)

= 1 − ω 2 + 1/τ ( 1 τ + 4 sin^2( sπ 2N )) (3.29)

= (1 − ω 1 + 2τ ) − 4ω 2 + 1/τ sin^2( sπ 2N ) gia s = 1, . . . , N − 1, (3.30)

enÿ ta idiodianÔsmata v_s dÐnontai apì thn (3.25). Gia megĹlo qronikì băma τ ≿ 10^3 pou mac endiafèrei sthn perÐptwsă mac, isqÔei h proseggistikă sqèsh:

λ^{W J}_s ≈ 1 − 2ω sin^2( sπ 2N ) gia s = 1, . . . , N − 1, (3.31)

Aută h sqèsh èqei apeikonisteÐ sto sqăma 3.1 gia diĹforec timèc thc paramètrou ω. ParathroÔme ìti gia 0 ≤ ω ≤ 1 h epanalhptikă mèjodoc sugklÐnei, afoÔ ρ = max_s|λ^{W J}_s | < 1. ’Omwc ta nèa gia thn taqÔthta sÔgklishc den eÐnai enjarruntikĹ. Apì th mia pleurĹ gia s ≥ N/2 (pou antistoiqeÐ stic sunistÿsec tou sfĹlmatoc me uyhlă qwrikă suqnìthta`bl.sqèsh (3.25)) mporoÔme, epilègontac ω = 2/3 na petÔqoume max_{s≥N/2}|λ^{W J}_s | < 1/3 pou shmaÐnei kalì rujmì apìsbeshc gia to uyÐsuqno sfĹlma. Apì thn Ĺllh pleurĹ, ìmwc, gia mikrì s (pou antistoiqeÐ stic qamhlìsuqnec sunistÿsec tou sfĹlmatoc) èqoume idiotimèc polÔ kontĹ sth monĹda, gia opoiadăpote epilogă thc paramètrou ω. Pio sugkekrimèna, kai gia ω = 2/3 prokÔptei λ^{W J}_s ≈ 1 −^{π2s2}_{3N 2} . Aută h timă gia tic qamhlìsuqnec idiotimèc odhgeÐ se rujmoÔc sÔgklishc

− log_{10}|λ^{W J}_s | = − log_{10}(1 − π^2s^2 3N^2

) ≈ 1.43 s^2 N^2

(yhfÐa/epanĹlhyh) (3.32)

60 Arijmhtikèc Mèjodoi gia thn EpÐlush Araiÿn Algebrikÿn SusthmĹtwn

Sqăma 3.1: Sto sqăma apeikonÐzontai oi idiotimèc λ^{W J}_s thc thc stajmismènhc mejìdou Jacobi se sunĹrthsh me to s = 1, . . . , N gia to prìblhma pou analÔoume kai gia diaforetikèc timèc thc paramètrou ω. H apìsbesh twn diaforetikÿn sunistwsÿn tou sfĹlmatoc gÐnetai me diaforetikoÔc rujmoÔc gia kĹje sunistÿsa. To uyÐsuqno sfĹlma (dexÐ misì thc parĹstashc) aposbènetai polÔ taqÔtera apì to qamhlìsuqno (aristerì misì thc parĹstashc). Apì to [11].

Gia N = 100 kai s = 1 prokÔptei ìti apaitoÔntai perÐpou 7000 epanalăyeic gia na beltiÿsoume thn prosèggish thc lÔshc katĹ èna dekadikì yhfÐo. AutoÐ oi rujmoÐ sÔgklishc den eÐnai apodektoÐ, giatÐ apaitoÔntai pĹra pollèc epanalăyeic (pou mĹlista auxĹnontai me to tetrĹgwno tou megèjouc tou problămatoc N) gia th sumpÐesh twn qamhlìsuqnwn sunistwsÿn tou sfĹlmatoc kĹtw apì mia prokajorismènh stĹjmh.

Ta apotelèsmata thc anĹlushc pou kĹname wc edÿ den periorÐzontai sth stajmismènh mèjodo Jacobi kai sto sugkekrimèno prìblhma pou prospajoÔme na lÔsoume. Pollèc epanalhptikèc mèjodoi èqoun thn idiìthta omalopoÐhshc (smoothing property), dhladă exaleÐfoun polÔ grăgora to sfĹlma uyhlăc suqnìthtac, èqontac suntelestă omalopoÐhshc (smoothing factor) max_{s≥N/2}|λ^{W J}_s | shmantikĹ mikrìtero tou 1, enÿ, thn Ðdia stigmă, adunatoÔn na aposbèsoun ikanopoihtikĹ to qamhlìsuqno sfĹlma, èqontac max_{s<N/2}|λ^{W J}_s | ≈ 1. H mèjodoc pollaplÿn plegmĹtwn prospajeÐ na ekmetalleuteÐ thn idiìthta omalopoÐhshc twn epanalhptikÿn mejìdwn kai na uperbeÐ thn adunamÐa touc na meiÿsoun apodotikĹ to qamhlìsuqno sfĹlma. ’Etsi, katarqăn ekteloÔme kĹpoiec epanalăyeic miac epanalhptikăc mejìdou sto pio leptomerèc epÐpedo Ω^h, prokeimènou na exaleÐyoume tic uyÐsuqnec sunistÿsec tou sfĹlmatoc. Sth sunèqeia metafèroume th lÔsh se èna ligìtero leptomerèc epÐpedo Ω^{2h}. Sto nèo qÿro idiotimÿn-idiodianusmĹtwn to sfĹlma èqei tÿra pio uyÐsuqno qaraktăra. EkteloÔme kai ekeÐ merikèc epanalăyeic miac epanalhptikăc mejìdou, pou omalopoieÐ ek nèou to sfĹlma. SuneqÐzoume kat’ autìn ton trìpo anadromikĹ wsìtou ftĹsoume ston pio traqÔ qÿro mikrăc diĹstashc, ìpou kai lÔnoume thn exÐswsh me kĹpoia apeujeÐac mèjodo. Sth sunèqeia diadÐdoume thn prokÔptousa lÔsh xanĹ proc ta pio leptomeră epÐpeda, diorjÿnontac pĹli se kĹje epÐpedo th lÔsh me mia epanalhptikă mèjodo. H diadikasÐa aută sthn perÐptwsh pou qrhsimopoioÔme mìno dÔo epÐpeda faÐnetai sto sqăma 3.2. Sth genikìterh perÐptwsh pollÿn epipèdwn èqoume dÔo epilogèc, pou antistoiqoÔn h mÐa sthn ekdoqă tou V– kai h Ĺllh sthn ekdoqă tou W–kÔklou, pou apeikonÐzontai sto sqăma 3.3.

Sqăma 3.2: H basikă idèa thc mejìdou pollaplÿn plegmĹtwn. AfoÔ èqoume omalopoiăsei to sfĹlma sto pio leptomerèc epÐpedo Ω^h, to probĹlloume sto pio traqÔ epÐpedo Ω^{2h}, ìpou h omalopoÐhsh twn qamhlìsuqnwn sunistwsÿn eÐnai pio eÔkolh kai sth sunèqeia diadÐdoume th diìrjwsh pÐsw sto epÐpedo Ω^h. Apì to [11].

KoitĹzontac pio prosektikĹ to sqăma 3.2 eÐnai safèc ìti prèpei na kajorÐsoume ton kanìna metaforĹc dianusmĹtwn metaxÔ dÔo diadoqikÿn epipèdwn me touc pÐnakec periorismoÔ (restriction) I^{2h}_h kai epèktashc (prolongation) I^h_{2h}, kajÿc kai ton trìpo pou prèpei na oristoÔn oi pÐnakec A^{2h}, A^{4h} . . . tou problămatoc sta ligìtero leptomeră epÐpeda.

Oi leitourgÐec periorismoÔ kai epèktashc parousiĹzontai parastatikĹ sto sqăma 3.4 gia th monodiĹstath perÐptwsh. Mia polÔ sunhjismènh epilogă gia

62 Arijmhtikèc Mèjodoi gia thn EpÐlush Araiÿn Algebrikÿn SusthmĹtwn

Sqăma 3.3: O V– kai o W–kÔkloc sth mèjodo pollaplÿn plegmĹtwn. An ftĹnoume kĹje forĹ prÿta sto pio traqÔ epÐpedo (epÐpedo 0) kai Ôstera diorjÿnoume kateujeÐan mèqri kai to pio leptomerèc epÐpedo (epÐpedo 3) qwrÐc talantÿseic èqoume to V–kÔklo, diaforetikĹ èqoume to W–kÔklo.

ton (^N_2 − 1) × (N − 1) pÐnaka periorismoÔ I^{2h}_h gia th monodiĹstath perÐptwsh eÐnai h exăc (deÐqnoume ton pÐnaka gia N = 8):

I^{2h}_h =

1/4 1/2 1/4 1/4 1/2 1/4 1/4 1/2 1/4

(3.33)

Gia ton pÐnaka epèktashc èqoume antÐstoiqa:

I^h_{2h} =

1/2 1 1/2 1/2 1 1/2 1/2 1 1/2

(3.34)

AutoÐ oi pÐnakec antapokrÐnontai se grammikă parembolă kai, shmeiwtèon, den apoteloÔn th monadikă epilogă. ParathroÔme epÐshc ìti oi pÐnakec periorismoÔ kai epèktashc sundèontai me mia sqèsh thc morfăc I^{2h}_h = c(I^h_{2h})^T . Tèloc, mporeÐ na apodeiqteÐ ìti mia kală epilogă gia th metaforĹ tou problămatoc se pio traqeiĹ diĹstash eÐnai h sqèsh A^{2h} = I^{2h}_h A^hI^h_{2h}.

Apì ta prohgoÔmena gÐnetai fanerì ìti mporeÐ na gÐnei arketĹ polÔplokoc o programmatismìc thc mejìdou pollaplÿn plegmĹtwn apì th stigmă pou prèpei na parasqejoÔn sto prìgramma oi pÐnakec gia ton periorismì kai thn epèktash tou problămatoc. Oi qrăstec suqnĹ qreiĹzontai mia uporoutÐna pou na dèqetai sthn eÐsodì thc touc suntelestèc kai to dexÐ mèroc tou arqikoÔ problămatoc kai na epistrèfei th lÔsh ìpwc èna <<maÔro koutÐ>>, qwrÐc o qrăsthc na qreiĹzetai na kajorÐsei kĹti Ĺllo. Proc autăn thn kateÔjunsh anaptÔqjhke mia seirĹ mejìdwn pou eÐnai gnwstèc wc algebrikèc mèjodoi pollaplÿn

Sqăma 3.4: Periorismìc kai epèktash sth mèjodo pollaplÿn plegmĹtwn. Apì to [11].

plegmĹtwn (algebraic multigrid) [63]. Autèc oi mèjodoi, se antidiastolă me tic gewmetrikèc, kataskeuĹzoun thn ierarqÐa twn plegmĹtwn autìmata, exetĹzontac touc mh-mhdenikoÔc suntelestèc tou pÐnaka A^h. Stic efarmogèc twn KefalaÐwn 4 kai 5 qrhsimopoioÔme ènan tètoio kÿdika, pou mac dieukolÔnei idiaÐtera sthn perÐptwsh twn algorÐjmwn stenăc zÿnhc thc enìthtac 5.4, ìpou to prìblhma eÐnai orismèno se mh-orjogÿnio qwrÐo kai h efarmogă mejìdwn gewmetrikoÔ multigrid kajÐstatai dusqerăc.

Ac exetĹsoume tÿra to kìstoc thc multigrid mejodologÐac. Katarqăn o qÿroc mnămhc pou apaiteÐtai eÐnai grammikìc wc proc ton arijmì twn Ĺgnwstwn metablhtÿn. PrĹgmati, gia èna prìblhma se d diastĹseic me N^d agnÿstouc kĹje traqÔ epÐpedo qreiĹzetai 2^{−d} forèc to qÿro pou apaiteÐtai gia to amèswc pio leptomerèc epÐpedo. EĹn èqoume sunolikĹ M epÐpeda apaiteÐtai qÿroc megalÔteroc tou leptomerèsterou epipèdou katĹ:

1 + 2^{−d} + 2^{−2d} + · · · + 2^{−(M−1)d} < 1 1 − 2^{−d} (3.35)

Gia d = 2 pou mac endiafèrei èqoume epibĹrunsh mìno 33%. ’Eqei epÐshc apodeiqteÐ ìti gia pollèc klĹseic problhmĹtwn to kìstoc upologismoÔ eÐnai ki autì grammikì wc proc ton arijmì twn Ĺgnwstwn metablhtÿn. Autì isqÔei

64 Arijmhtikèc Mèjodoi gia thn EpÐlush Araiÿn Algebrikÿn SusthmĹtwn

kai sth dikă mac perÐptwsh, ìpwc peiramatikĹ deÐqnoume sta KefĹlaia 4 kai 5. Prèpei, tèloc, na shmeiÿsoume ìti h anĹlush twn mejìdwn pollaplÿn plegmĹtwn se autăn thn enìthta mìno epifaneiakĹ Ĺggixe autăn thn eureÐa ereunhtikă perioqă. H mèjodoc, sth shmerină thc morfă toulĹqiston, èqei mìno 20 qrìnia zwăc perÐpou. KĹpoiec anaforèc pou mporeÐ o anagnÿsthc na sumbouleuteÐ gia peraitèrw plhroforÐec eÐnai to sqetikĹ stoiqeiÿdec biblÐo twn Briggs k.Ĺ. [12], to biblÐo tou Wesseling [76] (eÐnai eleÔjera diajèsimo sto DÐktuo) kai to pio proqwrhmènou epipèdou biblÐo tou Hackbusch [37]. Akìma o diktuakìc tìpoc www.mgnet.org èqei sugkentrwmèno shmantikì ulikì (progrĹmmata, enhmèrwsh gia sunèdria, anaforèc ktl) gia autĹ ta jèmata.

KefĹlaio 4

Algìrijmoi gia thn ExÐswsh Anisotropikăc DiĹqushc

4.1 Eisagwgă

Sthn enìthta 1.2 eÐdame kĹpoiec basikèc idiìthtec thc exÐswshc anisotropikăc diĹqushc (1.3) kai thn efarmogă thc sth dhmiourgÐa qÿrwn klÐmakac me epijumhtèc idiìthtec. Sto parìn KefĹlaio ja exetĹsoume taqeÐc algorÐjmouc gia th mh-grammikă exÐswsh anisotropikăc diĹqushc ∂u ∂t (x, y, t) = div ( g(‖∇u_{s0} ‖)∇u ) (4.1)

me arqikă sunjăkh u(x, y, 0) = u_0(x, y) kai anaklastikèc (adiabatikèc) sunoriakèc sunjăkec. H shmasÐa thc mh-grammikăc qwrikăc sunĹrthshc g, pou paÐrnei timèc sto (0, 1], èqei suzhthjeÐ sthn enìthta 1.2, ìpou kai eÐdame kĹpoiec dunatèc periptÿseic gia thn epilogă thc. Sthn anĹlush pou akoloujeÐ qrhsimopoioÔme sumbolismì anĹlogo me autìn tou [75].

Gia na ftĹsoume se ènan arijmhtikì algìrijmo pou na proseggÐzei thn exèlixh thc exÐswshc (4.1) ja prèpei prÿta na diakritopoiăsoume tic paragÿgouc pou emfanÐzontai sthn exÐswsh. JewroÔme katĹ ta gnwstĹ èna omoiìmorfo disdiĹstato qwrikì plègma me trìpo pou kĹje kuyèlh tou plègmatoc na tautÐzetai me èna pixel thc eikìnac. EpÐshc jewroÔme thn exèlixh thc exÐswshc se diakritĹ bămata diĹrkeiac τ to kajèna. UiojetoÔme to sumbolismì u^n_{ij} ≈ u(ih_x, jh_y, nτ) kai g^n_{ij} ≈ g(ih_x, jh_y, nτ). Tìte mporoÔme na proseggÐsoume th qwrikă parĹgwgo sto dexÐ mèroc thc (4.1) me kentrikèc diaforèc wc exăc: div(g∇u) ≈ ∂_x ( g_{ij} u_{i+} 1_{2 ,j} − u_{i−} 1_{2 ,j} h_x ) + ∂_y ( g_{ij} u_{i,j+} 1_2 − u_{i,j−} 1_2 h_y )

≈ g_{i+} 1_{2 ,j} u_{i+1,j} − u_{ij} h^2_x − g_{i−} 1_{2 ,j} u_{ij} − u_{i−1,j} h^2_x

+ g_{i,j+} 1_2 u_{i,j+1} − u_{ij} h^2_y − g_{i,j−} 1_2 u_{ij} − u_{i,j−1} h^2_y

(4.2)

Sth sunèqeia kai gia na aplopoiăsoume to sumbolismì ja qrhsimopoioÔme h_x = h_y = 1. Oi timèc gia ta g_{i±} 1_{2 ,j} kai g_{i,j±} 1_2 prokÔptoun wc mèsoc ìroc twn antÐstoiqwn timÿn metaxÔ dÔo geitonikÿn pixels. Gia parĹdeigma g_{i+} 1_{2 ,j} ≈ (g_{i+1,j} + g_{ij})/2.

Akìma, epeidă ja mac qreiasteÐ sthn anĹlush pou akoloujeÐ, ja anaparistoÔme th diakrită eikìna wc diĹnusma, arijmÿntac ta pixels prÿta katĹ seirĹ kai metĹ katĹ stălh. Sunepÿc, an h eikìna mac apoteleÐtai apì N_x stălec kai N_y grammèc ja thn anaparistoÔme wc èna diĹnusma u diĹstashc N = N_x × N_y ètsi ÿste u_{i+jNx} = u_{ij}. Me to dianusmatikì sumbolismì kai kĹnontac qrăsh thc prosèggishc (4.2) gia tic qwrikèc paragÿgouc, prokÔptei apì thn (4.1) to parakĹtw sÔsthma sunăjwn diaforikÿn exisÿsewn (qÿroc klÐmakac me suneqă klÐmaka): ∂u_i ∂t = ∑ j∈N(i) g_j + g_i 2 (u_j − u_i) (4.3)

O plărwc diakritìc qÿroc klÐmakac prokÔptei an proseggÐsoume th qronikă parĹgwgo sto aristerì mèroc thc (4.1) me thn pleurikă diaforĹ: ∂u ∂t ≈ u^{n+1} − u^n τ (4.4)

Enswmatÿnontac thn prosèggish (4.4) sth sqèsh (4.3) prokÔptei h exÐswsh (qÿroc klÐmakac me diakrită klÐmaka): u^{n+1}_i − u^n_i τ = ∑ j∈N(i) g_j + g_i 2 (u_j − u_i) (4.5)

Me N(i) dhlÿnoume th geitoniĹ twn 4 pixels pou eÐnai pio kontĹ sto pixel P_i, dhladă ta P_{i−Nx} (n), P_{i−1} (w), P_{i+1} (e) kai P_{i+Nx} (s). ’Enac bolikìc trìpoc na epibĹlloume anaklastikèc sunoriakèc sunjăkec eÐnai na orÐsoume ìti ta pixels pou brÐskontai stic akmèc kai stic gwnÐec thc eikìnac èqoun 3 ă 2 geÐtonec, antÐstoiqa.

4.1 Eisagwgă 67

MporoÔme na grĹyoume tic exisÿseic(4.3) kai (4.5) me sumbolismì pinĹkwn wc exăc: ∂u ∂t = A(u)u (4.6) kai u^{n+1} − u^n τ = A(u)u, (4.7)

antÐstoiqa. O A(u) = [a_{ij} (u)] eÐnai o N × N pÐnakac me stoiqeÐa:

a_{ij} (u) = g_i+g_j 2 j ∈ N(i) − ∑ k∈N(i) g_k+g_i 2 j = i 0 diaforetikĹ

(4.8)

Prìkeitai sunepÿc gia ènan pÐnaka pou èqei 5 mh-mhdenikĹ stoiqeÐa se kĹje grammă, me ta stoiqeÐa ektìc kÔriac diagwnÐou na antistoiqoÔn stouc geÐtonec tou pixel P_i.

Shmeiÿnoume epÐshc ìti stic prohgoÔmenec exisÿseic èqoume afăsei mia asĹfeia: Se poia qronikă stigmă upologÐzoume tic ekfrĹseic pou antistoiqoÔn sth qwrikă parĹgwgo sth dexiĹ pleurĹ twn exisÿsewn. Sth sunèqeia tou KefalaÐou autoÔ ja exetĹsoume treic endiafèrousec periptÿseic: u^{n+1} − u^n τ = A(u^n)u^n (explicit sqăma) (4.9aþ) u^{n+1} − u^n τ = A(u^n)u^{n+1} (semi-implicit sqăma) (4.9bþ) u^{n+1} − u^n τ = A(u^n) u^n + u^{n+1} 2 (sqăma Crank-Nicholson) (4.9gþ)

Ja exetĹsoume epÐshc to AOS sqăma, pou eÐnai mia parallagă tou semiimplicit sqămatoc pou odhgeÐ se polÔ grăgorh ulopoÐhsh.

Prin proqwrăsoume, ja meletăsoume to fĹsma tou pÐnaka A(u^k), afoÔ h gnÿsh basikÿn tou idiotătwn ja mac qreiasteÐ stic epìmenec enìthtec. Ja exetĹsoume prÿta thn isotropikă perÐptwsh, pou prokÔptei ìtan g ≡ 1. Tìte h sqèsh (4.8) grĹfetai:

a_{ij}(u) = 1 j ∈ N(i) −card{N(i)} j = i 0 diaforetikĹ,

(4.10)

me card{N(i)} na dhlÿnoume to plăjoc twn geitìnwn tou pixel P_i (4, 3 ă 2). Autìc o pÐnakac den eÐnai parĹ h disdiĹstath ekdoqă tou pÐnaka S thc sqèshc (2.21) (sel. 43). Me aplă genÐkeush thc sqèshc (2.23) prokÔptoun oi idiotimèc: λ_{sxsy} = −4 ( sin^2( s_xπ 2N_x ) + sin^2( s_yπ 2N_y ) )

gia s_x = 0, . . . , N_x − 1 kai s_y = 0, . . . , N_y − 1

(4.11)

Sthn idiotimă λ_{sxsy} antistoiqeÐ to idiodiĹnusma v_{sxsy} me sunistÿsec: (v_{i+j∗Nx} )_{sxsy} = cos (s_xπ(2i − 1) 2N_x ) cos (s_yπ(2j − 1) 2N_y )

gia i = 1, . . . , N_x kai j = 1, . . . , N_y

(4.12)

Apì th sqèsh (4.11) èpetai ìti oi idiotimèc λ_{sxsy} brÐskontai sto diĹsthma (−8, 0], me tic idiotimèc pou brÐskontai pio kontĹ sto 0 na antistoiqoÔn se argĹ metaballìmena idiodianÔsmata. EidikĹ h idiotimă 0 antistoiqeÐ sto stajerì idiodiĹnusma (1, 1, . . . , 1)^T .

Gia thn anisotropikă perÐptwsh den èqoume analutikĹ apotelèsmata anĹloga twn exisÿsewn (4.11) kai (4.12). Me th boăjeia tou parakĹtw jewrămatoc, ìmwc, mporoÔme pĹli na exĹgoume qrăsima sumperĹsmata gia thn katanomă twn idiotimÿn tou pÐnaka A:

Jeÿrhma 4.1 (Gerschgorin). ’Estw ènac pÐnakac A kai S_i = ∑ k≠i|aik| to Ĺjroisma twn apìlutwn timÿn twn mh-diagÿniwn stoiqeÐwn thc i`grammăc tou. Tìte kĹje idiotimă tou A brÐsketai sto migadikì epÐpedo entìc ă, to polÔ, sta ìria enìc toulĹqiston apì touc kÔklouc |λ − a_{ii}| = S_i.

Apìdeixh. Dec p.q. to [24], sel. 8.

Efarmìzontac to jeÿrhma 4.1 sthn perÐptwsh tou pÐnaka A, parathroÔme ìti S_i = ∑ k≠i |a_{ik}| = ∑ k∈N(i) g_i + g_k 2 ≤ 4, (4.13)

afoÔ h g paÐrnei timèc sto (0, 1] kai card{N(i)} ≤ 4. Akìma a_{ii} = − ∑ k∈N(i) g_k + g_i 2 = −S_i (4.14)

’Ara oi kÔkloi tou jewrămatoc 4.1 eÐnai oi |λ + S_i| = S_i, opìte oi idiotimèc brÐskontai sta diastămata [−2S_i, 0] (oi idiotimèc eÐnai pragmatikèc giatÐ o A eÐnai summetrikìc). Sunepÿc, lambĹnontac upìyh kai thn exÐswsh (4.13), oi idiotimèc tou pÐnaka A sthn anisotropikă perÐptwsh brÐskontai sto diĹsthma [−8, 0].

4.2 To explicit sqăma 69

Me apeujeÐac antikatĹstash mporoÔme kai edÿ na diapistÿsoume ìti h idiotimă 0 antistoiqeÐ sto stajerì idiodiĹnusma (1, 1, . . . , 1)^T . ArijmoÔme tic N = N_xN_y idiotimèc wc λ_1, . . . , λ_N , arqÐzontac me to λ_1 = 0 kai proqwrÿntac proc tic pio arnhtikèc timèc λ_s ≤ λ_{s−1}, s = 2, . . . , N. EpÐshc kataskeuĹzoume mia orjokanonikă bĹsh {v_s} me ta idiodianÔsmata tou summetrikoÔ pÐnaka A, ìpou v_s eÐnai to idiodiĹnusma pou antistoiqeÐ sthn idiotimă λ_s.

EÐmaste tÿra pia ètoimoi na proqwrăsoume sthn anĹlush twn arijmhtikÿn sqhmĹtwn thc exÐswshc (4.9). Sthn anĹlusă mac ja qrhsimopoiăsoume th mèjodo tou pÐnaka thc upoenìthtac 2.1.4 epeidă ja mac bohjăsei na bgĹloume poiotikĹ qrăsima sumperĹsmata. Mia enallaktikă prosèggish ja ătan na basistoÔme sth jewrÐa twn diakritÿn qÿrwn klÐmakac pou anèptuxe o Weickert sta plaÐsia thc didaktorikăc tou diatribăc. Aută h jewrÐa den ja anaptuqjeÐ edÿ. O endiaferìmenoc anagnÿsthc parapèmpetai sto [73].

4.2 To explicit sqăma

To explicit sqăma gia thn exÐswsh diĹqushc, ìpwc eÐdame sth sqèsh (4.9), orÐzetai apì thn epanalhptikă exÐswsh: u^{n+1} − u^n τ = A(u^n)u^n, (4.15)

pou grĹfetai sth morfă

u^{n+1} = [I + τA(u^n)]u^n (4.16)

Me autì to sqăma proseggÐzoume th suneqă exÐswsh me diaforèc prÿthc tĹxhc, ìso aforĹ th qronikă parĹgwgo, kai me diaforèc deÔterhc tĹxhc, ìso aforĹ th qwrikă parĹgwgo. Gia na analÔsoume thn eustĹjeia autoÔ tou sqămatoc me th mèjodo tou pÐnaka (blèpe upoenìthta 2.1.4) parathroÔme ìti grĹfetai sth morfă:

u^{n+1} = G^{ex}_n u^n = G^{ex}_n G^{ex}_{n−1} . . . G^{ex}_0 u^0 (4.17)

me G^{ex}_n = [I + τA(u^n)]. Apì to Lămma 2.4 prokÔptei tìte ìti oi idiotimèc tou pÐnaka G^{ex}_n eÐnai oi λ^{ex}_s (n) = 1 + τλ_s(n) (4.18)

kai ta idiodianÔsmata ta {v_s(n)}, s = 1, . . . , N, ìpou λ_s(n), {v_s(n)} eÐnai oi idiotimèc kai ta idiodianÔsmata tou A(u^n). H sqèsh (4.18) apeikonÐzetai sto sqăma 4.1.

Sqăma 4.1: Sto sqăma blèpoume pÿc apeikonÐzontai oi idiotimèc λ_s(n) tou pÐnaka A(u^n), pou brÐskontai sto diĹsthma [−8, 0], stic idiotimèc λ^{ex}_s (n) tou pÐnaka G^{ex}_n tou explicit sqămatoc, mèsw thc sqèshc (4.18) kai gia diaforetikèc timèc thc paramètrou τ. Gia na èqoume eustĹjeia, ja prèpei ìlec oi idiotimèc tou pÐnaka G^{ex}_n na brÐskontai metaxÔ ±1. Autì sunepĹgetai τ ≤ 0.25.

SugkrÐnontac thn exÐswsh (4.17) me th genikă epanalhptikă mèjodo (2.14), parathroÔme ìti tÿra èqoume mh-stĹsimh diadikasÐa, giatÐ o pÐnakac thc epanĹlhyhc exartĹtai apì to qrìno n. Kai pĹli ìmwc prokÔptei ìti h mèjodoc thc exÐswshc (4.17) eÐnai eustajăc, an ρ(G_n) ≤ 1, ∀n ≥ 0. PrĹgmati,

u^{n+1} = G^{ex}_n u^n = G^{ex}_n N∑ s=1 c_s(n)v_s(n)

= N∑ s=1 c_s(n)λ^{ex}_s (n)v_s(n), (4.19)

apì ìpou èpetai ìti, an ρ(G_n) ≤ 1, ∀n ≥ 0, tìte (lambĹnoume upìyh ìti ta

4.3 To implicit sqăma 71

{v_s(n)} apoteloÔn orjokanonikă bĹsh sto R^N ):

‖u^{n+1}‖_p = ‖ ‖ N∑ s=1 c_s(n)λ^{ex}_s (n)v_s(n) ‖ ‖_p

= {^N∑ s=1 |c_s(n)λ^{ex}_s (n)|^p }_{1/p}

≤ {^N∑ s=1 |c_s(n)|^p }_{1/p} = ‖u^n‖_p ≤ · · · ≤ ‖u^0‖_p

(4.20)

To kritărio gia eustĹjeia tou explicit sqămatoc eÐnai loipìn

ρ(G^{ex}_n ) = max_{1≤s≤N}|λ^{ex}_s (n)| ≤ 1, ∀n ≥ 0 (4.21)

An lĹboume upìyh thn exÐswsh (4.18), prokÔptei max_{1≤s≤N} |1 + τλ_s(n)| ≤ 1. Epeidă λ_s(n) ∈ [−8, 0], èqoume telikĹ ton akìloujo periorismì gia eustĹjeia (blèpe kai sqăma 4.1): τ ≤ 1 4 (4.22)

To Ĺnw frĹgma sto qronikì băma pou epibĹllei h exÐswsh (4.22) eÐnai sthn prĹxh polÔ perioristikì. Oi efarmogèc thc anisotropikăc diĹqushc apaitoÔn suqnĹ thn exèlixh thc exÐswshc mèqri qrìno t ≿ 10^2, pou shmaÐnei ìti apaitoÔntai ekatontĹdec epanalăyeic thc diadikasÐac (4.16) mèqri na ftĹsoume sto telikì apotèlesma. An lĹboume upìyh ìti kĹje epanĹlhyh diarkeÐ perÐpou 0.1 sec (sthn ulopoÐhsă mac kai gia gkrÐza eikìna diĹstashc 256 × 256), apaitoÔntai dekĹdec deuterìlepta mèqri na ftĹsoume sthn epijumhtă lÔsh. Autì eÐnai èna megĹlo meionèkthma tou explicit sqămatoc pou prospajoÔn na uperboÔn ta upìloipa sqămata pou exetĹzoume sth sunèqeia.

4.3 To implicit sqăma

To implicit sqăma gia thn exÐswsh diĹqushc, ìpwc eÐdame sth sqèsh (4.9), orÐzetai apì thn epanalhptikă exÐswsh: u^{n+1} − u^n τ = A(u^n)u^{n+1}, (4.23)

pou grĹfetai sth morfă

[I − τA(u^n)]u^{n+1} = u^n (4.24)

Blèpoume dhladă ìti se kĹje băma tou algorÐjmou ja prèpei na lÔnoume èna grammikì sÔsthma. Gia na analÔsoume thn eustĹjeia autoÔ tou sqămatoc ja akoloujăsoume anĹlogh poreÐa me thn anĹlush pou kĹname sthn prohgoÔmenh enìthta gia to explicit sqăma. H epanalhptikă diadikasÐa eÐnai tÿra h exăc:

u^{n+1} = G^{im}_n u^n = G^{im}_n G^{im}_{n−1} . . . G^{im}_0 u^0 (4.25)

me G^{im}_n = [I − τA(u^n)]^{−1}. Apì to Lămma 2.4 prokÔptei tìte ìti oi idiotimèc tou pÐnaka G^{im}_n eÐnai oi

λ^{im}_s (n) = 1 1 − τλ_s(n) (4.26)

kai ta idiodianÔsmata ta {v_s(n)}, s = 1, . . . , N, ìpou λ_s(n), {v_s(n)} eÐnai oi idiotimèc kai ta idiodianÔsmata tou A(u^n). H sqèsh (4.26) apeikonÐzetai sto sqăma 4.2.

Sqăma 4.2: Sto sqăma blèpoume pÿc apeikonÐzontai oi idiotimèc λ_s(n) tou pÐnaka A(u^n), pou brÐskontai sto diĹsthma [−8, 0], stic idiotimèc λ^{im}_s (n) tou pÐnaka G^{im}_n tou implicit sqămatoc, mèsw thc sqèshc (4.26) kai gia diaforetikèc timèc thc paramètrou τ. Blèpoume ìti, anexĹrthta apì to mègejoc tou qronikoÔ bămatoc τ, oi idiotimèc tou pÐnaka G^{im}_n brÐskontai metaxÔ 0 kai 1, pou sunepĹgetai eustĹjeia dÐqwc ìrouc.

Blèpoume tÿra ìti h sunjăkh gia eustĹjeia (4.21), grammènh gia thn pe-

4.4 To AOS sqăma 73

rÐptwsh tou implicit sqămatoc, ρ(G^{im}_n ) ≤ 1, ∀n ≥ 0 ⇔ max 1≤s≤N | | 1 1 − τλ_s(n) | | ≤ 1, ∀n ≥ 0 (4.27)

ikanopoieÐtai dÐqwc ìrouc sto qronikì băma. FjĹnoume ètsi sto kentrikì sumpèrasma ìti to implicit sqăma eÐnai eustajèc dÐqwc ìrouc.

Bèbaia, apì thn Ĺllh pleurĹ, to implicit sqăma, ìpwc exĹllou kai to explicit apoteleÐ prosèggish tou suneqoÔc problămatoc me sfĹlma O(τ +h^2_x +h^2_y). Autì shmaÐnei ìti sthn prĹxh periorizìmaste ìso aforĹ to mègejoc tou qronikoÔ bămatoc τ apì thn epijumhtă akrÐbeia. ApodeiknÔetai ìmwc peiramatikĹ ìti gia tic perissìterec efarmogèc thc ìrashc upologistÿn èqoume ikanopoihtikĹ apotelèsmata apì pleurĹc akrÐbeiac akìma kai ìtan to τ eÐnai katĹ polÔ megalÔtero tou 0.25, pou eÐnai h anÿtath epitreptă timă sthn perÐptwsh tou explicit sqămatoc.

To profanèc meionèkthma tou explicit sqămatoc eÐnai bèbaia ìti se kĹje băma apaiteÐtai h epÐlush enìc megĹlou grammikoÔ sustămatoc. O pÐnakac suntelestÿn twn agnÿstwn I − τA(u^n) èqei 5 (to polÔ) mh-mhdenikĹ stoiqeÐa se kĹje grammă, afoÔ ta mh-mhdenikĹ stoiqeÐa tou A(u^n) sthn i`grammă eÐnai ta a_{i,i−Nx} , a_{i,i−1}, a_{ii}, a_{i,i+1}, a_{i,i+Nx} . Gia thn epÐlush susthmĹtwn me pÐnakec autăc thc morfă den upĹrqei dustuqÿc apodotikìc apeujeÐac algìrijmoc san ton algìrijmo tou Thomas gia ta tridiagÿnia sustămata (bl. enìthta 3.1). Oi aplèc epanalhptikèc mèjodoi thc enìthtac 3.1 me th seirĹ touc argoÔn polÔ na sugklÐnoun [75].

Oi mèjodoi pollaplÿn plegmĹtwn thc enìthtac 3.3 apoteloÔn mia polÔ elkustikă epilogă gia thn taqeÐa epÐlush tou sustămatoc (4.24). Tètoiec mèjodoi, kai pio sugkekrimèna gewmetrikèc mèjodoi pollaplÿn plegmĹtwn, efarmìsthkan gia prÿth forĹ sto sugkekrimèno prìblhma apì ton Acton to 1998 [1]. EmeÐc sthn ulopoÐhsă mac qrhsimopoiăsame teqnikèc algebrikoÔ multigrid. PeiramatikĹ apotelèsmata parousiĹzontai sthn enìthta 4.6. Gia leptomèreiec tou algebrikoÔ multigrid kÿdika pou qrhsimopoiăsame, dec to ParĹrthma Aþ.

4.4 To AOS sqăma

To AOS (Additive Operator Splitting) sqăma gia thn exÐswsh diĹqushc, eÐnai mia parallagă tou implicit sqămatoc pou exetĹsame sthn prohgoÔmenh enìthta kai protĹjhke apì touc Weickert k.Ĺ. to 1998 [75]. To sqăma autì petuqaÐnei eustĹjeia dÐqwc ìrouc, ìpwc to implicit sqăma, kai apaiteÐ thn epÐlush 2 tridiagwnÐwn susthmĹtwn antÐ thc epÐlushc tou <<duskolìterou>> grammikoÔ sustămatoc (4.24).

Pio sugkekrimèna, h exÐswsh orismoÔ tou implicit sqămatoc (4.24) mporeÐ na grafeÐ sth morfă [I − τ ∑ l∈{x,y} A_l(u^n)]u^{n+1} = u^n (4.28)

O kĹje ènac apì touc pÐnakec A_x(u^n), A_y(u^n) sugkentrÿnei tic qwrikèc paragÿgouc thc exÐswshc (4.2) pou antistoiqoÔn stic dieujÔnseic x, y antÐstoiqa. Sunepÿc oi pÐnakec A_l(u^n) eÐnai tridiagÿnioi (gia thn akrÐbeia mporoÔn na anaqjoÔn se tridiagÿniouc me katĹllhlh epanarÐjmhsh twn metablhtÿn). To AOS sqăma sunÐstatai sthn akìloujh parallagă tou implicit sqămatoc: AntÐ na èqoume thn epanalhptikă diadikasÐa

u^{n+1} = [I − τ ∑ l∈{x,y} A_l(u^n)]^{−1}u^n (4.29)

(pou eÐnai h exÐswsh orismoÔ tou implicit sqămatoc), èqoume th diadikasÐa:

u^{n+1} = 1 2 ∑ l∈{x,y} [I − 2τA_l(u^n)]^{−1}u^n (4.30)

ApodeiknÔetai, paÐrnontac anaptÔgmata Taylor, ìti kai aută h mèjodoc eÐnai mia prosèggish tou suneqoÔc problămatoc me akrÐbeia prÿthc tĹxhc. Akìmh mporeÐ na epektajeÐ me profană trìpo se perissìterec apì 2 diastĹseic.

Parathrÿntac thn exÐswsh (4.30) blèpoume ìti prospajeÐ na proseggÐsei th disdiĹstath diĹqush me dÔo diadikasÐec diĹqushc, mÐa ston x` kai mÐa ston y`Ĺxona, pou eÐnai asÔzeuktec metaxÔ touc. Pio analutikĹ, o algìrijmoc qwrÐzetai sta exăc bămata:

1. DiĹqush katĹ măkoc tou x`Ĺxona me băma 2τ. Mia merikă lÔsh prokÔptei apì thn epÐlush tou tridiagÿniou sustămatoc [I −2τA_x(u^n)]u^{n+1}_x = u^n.

2. DiĹqush katĹ măkoc tou y`Ĺxona me băma 2τ. H Ĺllh merikă lÔsh prokÔptei apì thn epÐlush tou tridiagÿniou sustămatoc [I −2τA_y (u^n)]u^{n+1}_y = u^n.

3. H telikă lÔsh prokÔptei wc o mèsoc ìroc twn dÔo merikÿn lÔsewn u^{n+1} = 0.5(u^{n+1}_x + u^{n+1}_y ).

4.5 To sqăma twn Crank-Nicholson 75

H dÐqwc ìrouc eustĹjeia tou sqămatoc autoÔ prokÔptei Ĺmesa apì th dÐqwc ìrouc eustĹjeia tou monodiĹstatou implicit sqămatoc.

To AOS sqăma eÐnai sămera h pio diadedomènh mèjodoc gia taqeÐa anisotropikă diĹqush. KĹje băma thc mejìdou kostÐzei, sÔmfwna me to [75], perÐpou 2 forèc perissìtero apì kĹje băma tou aploÔ explicit sqămatoc, to opoÐo ìmwc èqei to qronikì periorismì τ ≤ 0.25. Sunepÿc h efarmogă tou AOS sqămatoc me qronikì băma τ = 5 odhgeÐ se epitĹqunsh katĹ mÐa tĹxh megèjouc se sqèsh me to explicit sqăma. Autì eÐnai idiaÐtera shmantikì, kajÿc bămata mèqri τ ≈ 10 odhgoÔn to AOS sqăma se apotelèsmata ikanopoihtikăc akrÐbeiac, sÔmfwna pĹnta me to [75].

Bèbaia to AOS sqăma anamènoume na mhn sumperifèretai ikanopoihtikĹ gia polÔ megĹla qronikĹ bămata τ ≿ 50. Autì pou prèpei na eÐnai idiaÐtera antilhptì se autăn thn perÐptwsh eÐnai h megĹlh apìklish apì thn peristrofikă summetrÐa, apotèlesma thc aposÔzeuxhc twn dÔo dieujÔnsewn diĹqushc sthn exÐswsh (4.30). Se autăn thn perÐptwsh to implicit sqăma thc prohgoÔmenhc enìthtac, an kai kostÐzei ≈ 5 forèc perissìtero apì to AOS sqăma, prèpei na uperèqei. Autì to jèma ja apotelèsei antikeÐmeno thc èreunĹc mac thn amèswc epìmenh perÐodo.

4.5 To sqăma twn Crank-Nicholson

Apì ta sqămata thc sqèshc (4.9) mènei na exetasteÐ autì twn Crank- Nicholson, pou orÐzetai apì thn epanalhptikă exÐswsh: u^{n+1} − u^n τ = A(u^n) u^n + u^{n+1} 2 , (4.31)

pou grĹfetai sth morfă [I − τ 2 A(u^n)]u^{n+1} = [I + τ 2 A(u^n)]u^n (4.32)

Pleonèkthma autoÔ tou sqămatoc se sqèsh me ìla ta prohgoÔmena eÐnai h deutèrou bajmoÔ akrÐbeiĹ tou sto qrìno, toulĹqiston sth grammikă perÐptwsh. Me Ĺlla lìgia to sfĹlma pou eisĹgei se sqèsh me thn akribă lÔsh eÐnai O(τ^2 + h^2_x + h^2_y). Autì to kajistĹ idiaÐtera dhmofilèc sthn epÐlush parabolikÿn exisÿsewn (dec p.q. [24]). Mia endiafèrousa melèth thc anisotropikăc diĹqushc me to sqăma Crank-Nicholson mporeÐ na brei o anagnÿsthc sto [7].

Gia thn epÐlush tou grammikoÔ sustămatoc (4.32) qrhsimopoiăsame sthn ulopoÐhsă mac teqnikèc pollaplÿn plegmĹtwn, ìpwc kai sthn perÐptwsh tou implicit sqămatoc, afoÔ oi pÐnakec suntelestÿn twn agnÿstwn èqoun kai stic dÔo periptÿseic thn Ðdia domă.

Kai autì to sqăma eÐnai eustajèc qwrÐc ìrouc, kĹti pou diaisjhtikĹ to perimèname afoÔ prìkeitai gia sqăma pou apaiteÐ thn epÐlush grammikoÔ sustămatoc se kĹje băma. PrĹgmati, o pÐnakac thc epanalhptikăc diadikasÐac eÐnai tÿra o G^{cn}_n = [I − τ 2 A(u^n)]^{−1}[I + τ 2 A(u^n)] (4.33)

me idiotimèc

λ^{cn}_s (n) =

1 +^τ_2 λ_s(n) 1 −^τ_2 λ_s(n)

(4.34)

kai idiodianÔsmata ta {v_s(n)}, s = 1, . . . , N, ìpou λ_s(n), {v_s(n)} eÐnai katĹ ta gnwstĹ oi idiotimèc kai ta idiodianÔsmata tou A(u^n). H sqèsh (4.34) apeikonÐzetai sto sqăma 4.3. Epeidă ìlec oi idiotimèc eÐnai metaxÔ ±1 èpetai ìti

Sqăma 4.3: Sto sqăma blèpoume pÿc apeikonÐzontai oi idiotimèc λ_s(n) tou pÐnaka A(u^n), pou brÐskontai sto diĹsthma [−8, 0], stic idiotimèc λ^{cn}_s (n) tou pÐnaka G^{im}_n tou sqămatoc Crank-Nicholson, mèsw thc sqèshc (4.34) kai gia diaforetikèc timèc thc paramètrou τ. Blèpoume ìti, anexĹrthta apì to mègejoc tou qronikoÔ bămatoc τ, oi idiotimèc tou pÐnaka G^{cn}_n brÐskontai metaxÔ ±1, pou sunepĹgetai eustĹjeia dÐqwc ìrouc.

èqoume eustĹjeia sÔmfwna me th sunjăkh (4.21), gia kĹje τ.

KoitĹzontac ìmwc sugkritikĹ ta sqămata 4.2 kai 4.3 pou dÐnoun tic idiotimèc tou pÐnaka epanĹlhyhc G gia to implicit sqăma kai gia to sqăma Crank- Nicholson, antÐstoiqa, blèpoume mia poiotikă diaforĹ metaxÔ touc, parìlo pou kai stic dÔo periptÿseic oi idiotimèc brÐskontai metaxÔ ±1. Oi idiotimèc tou implicit sqămatoc paramènoun pĹnta jetikèc, anexĹrthta apì to mègejoc tou qronikoÔ bămatoc τ. AntÐjeta, oi idiotimèc tou sqămatoc Crank-Nicholson pou antistoiqoÔn se uyÐsuqnec idiolÔseic eÐnai arnhtikèc kai kontĹ sto −1.

Mìno ìmwc oi jetikèc idiotimèc antistoiqoÔn sthn pragmatikă lÔsh thc exÐswshc diĹqushc. PrĹgmati, eĹn jewrăsoume thn akìloujh grammikă ekdoqă thc exÐswshc (4.6): ∂u ∂t = Au (4.35)

mporoÔme, me qwrismì twn metablhtÿn, na grĹyoume analutikĹ th lÔsh thc sthn akìloujh morfă (anĹptugma Fourier): u(t) = N∑ s=1 c_sv_se^{λst}, (4.36)

ìpou λ_s < 0, {v_s} eÐnai oi idiotimèc kai ta idiodianÔsmata tou A, antÐstoiqa, kai c_s eÐnai oi probolèc (suntelestèc Fourier) thc arqikăc sunjăkhc u(0) sta idiodianÔsmata {v_s}. Blèpoume apì thn (4.36) ìti kĹje rujmìc thc pragmatikăc lÔshc aposbènetai monìtona (me ekjetikă apìsbesh). Autì sqetÐzetai kai me tic idiìthtec thc exÐswshc anisotropikăc diĹqushc pou eÐdame sthn upoenìthta 1.2.3. To gegonìc ìti kĹpoiec idiotimèc tou sqămatoc Crank-Nicholson eÐnai arnhtikèc sunepĹgetai ìti h arijmhtikă lÔsh tou sqămatoc Crank-Nicholson emfanÐzei talantÿseic, kĹti pou den antistoiqeÐ sth sumperiforĹ thc pragmatikăc lÔshc. To fainìmeno autì eÐnai perissìtero èntono, ìso megalÔtero eÐnai to qronikì băma τ (opìte to shmeÐo tomăc thc kampÔlhc me ton orizìntio Ĺxona sto sqăma 4.3 metakineÐtai proc ta dexiĹ) kai ìso pio apìtomec metabolèc èqei h eikìna pou epexergazìmaste (opìte to uyÐsuqno fasmatikì thc perieqìmeno gÐnetai pio shmantikì). Sunepÿc h epÐdosh tou sqămatoc Crank- Nicholson gia megĹlo τ eÐnai periorismènh. Se autèc tic periptÿseic h qrăsh tou implicit sqămatoc eÐnai protimìterh, giatÐ h prokÔptousa arijmhtikă lÔsh emfanÐzei monìtonh apìsbesh se sumfwnÐa me thn pragmatikă lÔsh (4.36).

4.6 PeirĹmata kai sugkrÐseic

Aută h enìthta sumplhrÿnei th jewrhtikă suzăthsh pou prohgăjhke gia ta diĹfora arijmhtikĹ sqămata pou mporoÔn na qrhsimopoihjoÔn gia thn epÐlush thc mh-grammikăc exÐswshc diĹqushc. ’Ola ta peirĹmata èginan sto upologistikì sÔsthma pou perigrĹfetai sto ParĹrthma Aþ. Wc test image qrhsimopoiăjhke mia jorubÿdhc ekdoqă thc gkrÐzac eikìnac <<Cameraman>> (256×256 pixels, 256 stĹjmec gkrÐzou, leukìc prosjetikìc jìruboc). Wc montèlo diĹqushc qrhsimopoiăjhke h exÐswsh (1.3) me th g na dÐnetai apì thn (1.4), me parĹmetro kanonikopoÐhshc s_0 = 0.1 kai parĹmetro antÐjeshc σ = 0.01 se ìla ta peirĹmata pou akoloujoÔn. Oi diastĹseic tou qwrikoÔ plègmatoc eÐnai pantoÔ h_x = h_y = 1. Prèpei na shmeiwjeÐ ìti den èqoume akìma peiramatikĹ apotelèsmata gia to AOS sqăma.

PeÐrama 1:

Katarqăn exetĹzoume thn taqÔthta thc mejìdou pollaplÿn plegmĹtwn sthn epÐlush tou grammikoÔ sustămatoc pou prokÔptei katĹ th diakritopoÐhsh me to implicit sqăma. Mac endiafèroun tìso oi apìlutec qronikèc timèc, ìso kai h exĹrthsh tou qrìnou ektèleshc apì to mègejoc tou problămatoc. O pÐnakac 4.1 mac dÐnei to qrìno (CPU time) pou apaiteÐtai gia èna băma tou implicit sqămatoc (dhladă gia thn epÐlush enìc grammikoÔ sustămatoc) (se upologistă Pentium 700 MHz). Den perilambĹnoume to qrìno gia inputoutput. H grammikă exĹrthsh tou qrìnou ektèleshc apì to mègejoc tou problămatoc (edÿ o arijmìc twn pixels thc eikìnac) eÐnai faneră kai deÐqnei thn isqÔ thc mejìdou twn pollaplÿn plegmĹtwn.

Mègejoc #pixels (×10^4) Qrìnoc (sec) 100 × 100 1.0 0.42 256 × 256 6.6 2.50 512 × 512 26.2 10.6

PÐnakac 4.1: H taqÔthta thc mejìdou pollaplÿn plegmĹtwn se sunĹrthsh me to mègejoc thc eikìnac.

PeÐrama 2:

To epìmeno peÐrama pou parajètoume aforĹ thn epÐdosh twn triÿn sqhmĹtwn ston kajarismì miac jorubÿdouc ekdoqăc thc eikìnac <<Cameraman>>. Ta sugkritikĹ apotelèsmata gia touc treic algorÐjmouc apeikonÐzontai sta sqămata 4.4 kai 4.5 (pou eÐnai mia megejusmènh ekdoqă tou 4.4). Trèxame prÿta to explicit sqăma me to mègisto epitrepìmeno τ = 0.25 kai gia 400 epanalăyeic mèqri qrìno t = 100. OptikĹ anĹloga apotelèsmata mporoÔme na petÔqoume me mÐa mìno epanĹlhyh tou implicit sqămatoc gia τ = 3000, petuqaÐnontac megĹlh oikonomÐa sto qrìno ektèleshc tou algorÐjmou (3.3 antÐ gia 80.4 sec). Shmeiÿnoume ìti apaităjhke epimăkunsh tou onomastikoÔ qrìnou t gia na pĹroume optikĹ antÐstoiqa apotelèsmata, ìpwc ja doÔme me megalÔterh leptomèreia pio kĹtw. Me 10 epanalăyeic tou Crank-Nicholson sqămatoc me τ = 10 petuqaÐnoume epÐshc kalĹ apotelèsmata se qrìno 25.2 sec.

PeÐrama 3:

Sto sqăma 4.6 blèpoume th diaforĹ sthn apìdosh tou implicit sqămatoc ìtan to efarmìzoume allĹzontac to plăjoc twn epanalăyewn kai to qronikì băma

Arqikă eikìna me jìrubo explicit(400 ep.,τ = 0.25, 80.4sec)

implicit(1 ep.,τ = 3 · 10^3, 3.3sec) Crank-Nicholson(10 ep.,τ = 10, 25.2sec)

Sqăma 4.4: SugkritikĹ apotelèsmata anisotropikăc diĹqushc gia kajarismì eikìnac apì jìrubo me ta trÐa diaforetikĹ arijmhtikĹ sqămata. Parajètoume ton arijmì twn epanalăyewn, to mègejoc tou qronikoÔ bămatoc kai to qrìno pou apaităjhke gia thn ektèlesh tou peirĹmatoc.

Arqikă eikìna me jìrubo explicit

implicit Crank-Nicholson Sqăma 4.5: Leptomerăc Ĺpoyh twn apotelesmĹtwn tou sqămatoc 4.4.

τ me trìpo pou to ginìmenì touc (o sunolikìc qrìnoc t) na paramènei stajerì. Blèpoume ìti me 2 epanalăyeic petuqaÐnoume ènan kalì sumbibasmì akrÐbeiac tou apotelèsmatoc kai qrìnou ektèleshc tou peirĹmatoc. Shmeiwtèon ìti ja mporoÔsame na petÔqoume kai se mÐa epanĹlhyh apotelèsmata pio kontĹ sthn akribă lÔsh^1 auxĹnontac to qronikì băma, ìpwc kĹname sto peÐrama twn sqhmĹtwn 4.4 kai 4.5.

PeÐrama 4:

Sto sqăma 4.7 deÐqnoume to fainìmeno mh ikanopoihtikăc apìsbeshc twn uyÐsuqnwn sunistwsÿn thc eikìnac me to sqăma Crank-Nicholson pou eÐqame suzhtăsei sthn enìthta 4.5. ParathroÔme ìti to sugkekrimèno sqăma gia megĹlo τ adunateÐ na meiÿsei ikanopoihtikĹ ton uyÐsuqno jìrubo. MĹlista, antÐjeta apì ìti perimènoume apì thn akribă lÔsh thc exÐswshc diĹqushc, ìso megalÿnei to τ, tìso epiteÐnetai to prìblhma. AntÐjeta blèpoume ìti to implicit sqăma emfanÐzei polÔ kalÔterh sumperiforĹ.

1To prìblhma mh-grammikăc diĹqushc den epidèqetai analutikă lÔsh. Me ton ìro <Ąkribăc lÔsh>> ennooÔme edÿ thn arijmhtikă lÔsh pou prokÔptei me opoiodăpote apì ta exetazìmena sqămata ìtan to qronikì băma teÐnei sto 0.

10 epanalăyeic, τ = 100, 24.5 sec 5 epanalăyeic, τ = 200, 12.8 sec

2 epanalăyeic, τ = 500, 5.6 sec 1 epanĹlhyh, τ = 1000, 3.5 sec

Sqăma 4.6: SugkritikĹ apotelèsmata gia to implicit sqăma me èna ă perissìtera bămata. Trèxame ton algìrijmo mèqri t = 1000 me diaforetikoÔc sunduasmoÔc arijmoÔ epanalăyewn kai qronikoÔ bămatoc τ. Parajètoume ton arijmì twn epanalăyewn, to mègejoc tou qronikoÔ bămatoc kai to qrìno pou apaităjhke gia thn ektèlesh tou peirĹmatoc.

implicit, τ = 100 Crank-Nicholson, τ = 100

implicit, τ = 1000 Crank-Nicholson, τ = 1000

Sqăma 4.7: SugkritikĹ apotelèsmata twn sqhmĹtwn implicit kai Crank- Nicholson gia mÐa epanĹlhyh me megĹlo τ. Blèpoume pwc me to sqăma Crank- Nicholson kai gia megĹlo τ oi uyÐsuqnec sunistÿsec emfanÐzoun talĹntwsh kai aposbènontai lÐgo.

KefĹlaio 5

Algìrijmoi gia GewdaitikĹ EnergĹ PerigrĹmmata

5.1 Eisagwgă

Sthn enìthta 1.3 perigrĹyame to montèlo twn gewdaitikÿn energÿn perigrammĹtwn kai eÐdame ìti ìtan to ekfrĹzoume me formalismì epipedosunìlwn èqei polÔ kalèc idiìthtec ìso aforĹ th dunatìthta tou montèlou na qeirÐzetai allagèc sthn topologÐa thc kampÔlhc. Apì thn Ĺllh pleurĹ ìmwc, ènac sobarìc periorismìc twn gewdaitikÿn energÿn perigrammĹtwn, ìtan diakritopoioÔntai me tic genikèc mejìdouc exèlixhc epipedosunìlwn (bl. exÐswsh (2.34)), eÐnai ìti odhgoÔn se arketĹ argèc ulopoiăseic, lìgw tou isquroÔ periorismoÔ sto mègejoc tou qronikoÔ bămatoc pou epibĹllei h sunjăkh CFL (2.32). Oi teqnikèc stenăc zÿnhc thc enìthtac 2.3 epitaqÔnoun arketĹ thn ulopoÐhsh allĹ to prìblhma thc argăc exèlixhc tou perigrĹmmatoc ousiastikĹ paramènei.

Gia na antimetwpÐsoun autoÔc touc periorismoÔc, oi Goldenberg k.Ĺ. prÿtoi paratărhsan to 2001 sto [29] th susqètish metaxÔ thc exÐswshc exèlixhc twn gewdaitikÿn energÿn perigrammĹtwn kai thc exÐswshc anisotropikăc diĹqushc jermìthtac kai prìteinan th qrăsh tou AOS sqămatoc thc enìthtac 4.4 gia thn taqeÐa exèlixh twn gewdaitikÿn energÿn perigrammĹtwn. Mia parallagă autăc thc ergasÐac apì thn omĹda tou Weickert emfanÐzetai sto [74].

Oi taqeÐc algìrijmoi pou parousiĹzontai sta [29] kai [74] basÐzontai sto AOS sqăma kai ston algìrijmo tou Thomas (dec enìthtec 4.4 kai 3.1, antÐstoiqa) gia thn taqeÐa epÐlush tridiagÿniwn grammikÿn susthmĹtwn. H dikă mac ergasÐa basÐzetai sto implicit sqăma kai stic mejìdouc pollaplÿn plegmĹtwn gia thn taqeÐa epÐlush twn araiÿn grammikÿn susthmĹtwn pou prokÔptoun apì thn efarmogă tou (dec enìthtec 4.3 kai 3.3, antÐstoiqa). Oi

5.2 Susqètish me thn exÐswsh anisotropikăc diĹqushc 85

polÔ kalèc idiìthtec tou implicit sqămatoc gia polÔ megĹlo qronikì băma τ pou meletăsame sthn perÐptwsh thc exÐswshc anisotropikăc diĹqushc ja doÔme ìti isqÔoun kai gia thn exèlixh gewdaitikÿn energÿn perigrammĹtwn kai odhgoÔn se ènan praktikĹ O(N) algìrijmo pou odhgeÐ grăgora to perÐgramma sthn telikă tou jèsh, pollèc forèc akìma kai se mÐa epanĹlhyh. O algìrijmoc pou proteÐnetai <<pantreÔetai>> me eujÔ trìpo me teqnikèc anĹlushc se pollaplèc klÐmakec kai teqnikèc stenăc zÿnhc, odhgÿntac se akìma taqÔterec ekdoqèc tou. Tèloc, ta majhmatikĹ ergaleÐa pou qrhsimopoioÔme gia thn anĹlush tou algorÐjmou mac apokalÔptoun kai mia endiafèrousa susqètish twn gewdaitikÿn energÿn perigrammĹtwn me mejìdouc tomăc grĹfwn gia katĹtmhsh eikìnwn pou èqoun eisaqjeÐ ta teleutaÐa qrìnia sthn ’Orash Upologistÿn.

5.2 Susqètish me thn exÐswsh anisotropikăc diĹqushc

JumoÔmenoi th suzăthsh thc enìthtac 1.3.2, grĹfoume xanĹ edÿ thn exÐswsh twn gewdaitikÿn energÿn perigrammĹtwn qwrÐc to balloon force me to formalismì epipedosunìlwn: ∂u(x, y, t) ∂t = ‖∇u‖div ( g(‖∇I‖) ∇u ‖∇u‖ ) , (5.1)

ìpou I eÐnai h eikìna kai u h sunĹrthsh enswmĹtwshc tou epipedosunìlou. EĹn upojèsoume ìti diakritopoioÔme thn exÐswsh (5.1) kai prin apì kĹje băma epanĹlhyhc epanarqikopoioÔme th sunĹrthsh enswmĹtwshc u ÿste na eÐnai o proshmasmènoc metasqhmatismìc eukleÐdeiac apìstashc apì to perÐgramma, opìte ‖∇u‖ = 1, tìte kĹje băma tou arijmhtikoÔ algorÐjmou ja antistoiqeÐ me èna băma anisotropikăc diĹqushc sÔmfwna me thn exÐswsh: ∂u(x, y, t) ∂t = div ( g(x, y)∇u ) , (5.2)

me anaklastikèc sunoriakèc sunjăkec, ìpou o suntelestăc jermikăc agwgimìthtac g(x, y) = g(‖∇I‖) exartĹtai apì thn eikìna kai ìqi apì thn exelissìmenh sunĹrthsh u, pou shmaÐnei ìti to montèlo thc diĹqushc eÐnai plèon grammikì. ParathroÔme epÐshc ìti o telestăc qwrikăc paragÿgishc div ( g(x, y)∇ ) sto dexÐ mèroc thc exÐswshc (5.2) eÐnai qronikĹ ametĹblhtoc.

An diakritopoiăsoume thn exÐswsh (5.2), mporoÔme, akoloujÿntac tic sumbĹseic tou KefalaÐou 4, na th grĹyoume me sumbolismì pinĹkwn sthn parakĹtw morfă: u^{n+1} − u^n τ = Au (5.3) me A = [a_{ij} ] na eÐnai o qronikĹ ametĹblhtoc pÐnakac me stoiqeÐa

a_{ij} = g_i+g_j 2 j ∈ N(i) − ∑ k∈N(i) g_k+g_i 2 j = i 0 diaforetikĹ

(5.4)

Prìkeitai sunepÿc gia mia qronikĹ ametĹblhth morfă tou antÐstoiqou pÐnaka diĹqushc tou prohgoÔmenou KefalaÐou (gia thn akrÐbeia eÐnai o A(0) tou prohgoÔmenou KefalaÐou). ’Etsi ìlec oi idiìthtec pou meletăsame sto prohgoÔmeno KefĹlaio anaforikĹ me thn katanomă twn idiotimÿn tou pÐnaka A kai twn pinĹkwn epanĹlhyhc G twn diafìrwn sqhmĹtwn isqÔoun kai edÿ.

Prèpei ìmwc na tonÐsoume edÿ kai mia shmantikă poiotikă diaforĹ metaxÔ tou problămatoc anisotropikăc diĹqushc kai tou problămatoc twn gewdaitikÿn energÿn perigrammĹtwn, pou ja paÐxei shmantikì rìlo sthn axiolìghsh twn arijmhtikÿn sqhmĹtwn pou ja parousiĹsoume. Sto prìblhma thc anisotropikăc diĹqushc endiaferìmaste sunăjwc gia thn exèlixh thc exÐswshc mèqri kĹpoio sqetikĹ mikrì qrìno t ≈ 10^2, gia na ikanopoiăsoume apaităseic efarmogÿn ìpwc p.q. kajarismìc thc eikìnac apì to jìrubo. SuqnĹ epÐshc qreiazìmaste ìqi mìno to telikì allĹ kai ta endiĹmesa apotelèsmata, se efarmogèc pou apaitoÔn pollĹ stigmiìtupa tou qÿrou klÐmakac. Apì thn Ĺllh pleurĹ, sto prìblhma twn gewdaitikÿn energÿn perigrammĹtwn sunăjwc mac endiafèrei mìno h telikă katĹstash isorropÐac thc kampÔlhc, pou suqnĹ apaiteÐtai makrÔ qronikì diĹsthma t ≿ 10^4 gia na epiteuqjeÐ. Ac mhn xeqnĹme ìti h exÐswsh (5.1) den eÐnai parĹ mia exeliktikă diadikasÐa pou mac odhgeÐ telikĹ sto (topikì) elĹqisto enìc sunarthsiakoÔ tou opoÐou h elaqistopoÐhsh ătan o arqikìc mac stìqoc. Aută h kathgorÐa qronikăc exèlixhc qarakthrÐzetai sthn orologÐa thc arijmhtikăc anĹlushc wc yeudoexèlixh (pseudo-timestepping). ’Etsi epijumhtì apì ènan algìrijmo gia to prìblhma twn gewdaitikÿn energÿn perigrammĹtwn ja ătan na ftĹnei sthn telikă jèsh thc kampÔlhc ston elĹqisto arijmì bhmĹtwn, qwrÐc na mac endiafèrei idiaÐtera na mac dÐnei kai ta endiĹmesa bămata autăc thc exèlixhc.

5.3 ’Enac taqÔc algìrijmoc gia thn exèlixh twn gewdaitikÿn energÿn perigrammĹtwn

Ta arijmhtikĹ sqămata pou parousiĹsame sto KefĹlaio 4 mporoÔn, toulĹqiston katarqăn, na qrhsimopoihjoÔn kai edÿ. Sta [29] kai [74] oi suggrafeÐc uiojetoÔn to AOS sqăma gia thn exèlixh thc sunĹrthshc u. H epanalhptkă

5.3 ’Enac taqÔc algìrijmoc gia thn exèlixh twn gewdaitikÿn energÿn perigrammĹtwn 87

diadikasÐa eÐnai tìte h exăc:

u^{n+1} = 1 2 ∑ l∈{x,y} [I − 2τA_l]^{−1}u^n (5.5)

’Opwc sqoliĹsame sthn perÐptwsh thc anisotropikăc diĹqushc, to AOS sqăma aposuzeÔgnei thn exèlixh thc sunĹrthshc se dÔo anexĹrthtec kĹjetec metaxÔ touc dieujÔnseic me apotèlesma na odhgeÐ se eÔkola epilÔsimo algebrikì sÔsthma. Aută h prosèggish ìmwc odhgeÐ se meiwmènh akrÐbeia, èlleiyh isotropikìthtac kai parabÐash thc summetrÐac peristrofăc ìtan to qronikì băma τ gÐnei polÔ megĹlo. ’Etsi èqoume ènan polÔ shmantikì periorismì sto mègejoc tou apodektoÔ qronikoÔ bămatoc τ.

Apì ta upìloipa sqămata, autì twn Crank-Nicholson den anamènoume na eÐnai apodotikì lìgw twn isqurÿn talantÿsewn pou parousiĹzei ìtan to τ gÐnetai polÔ megĹlo. To explicit sqăma, parìti kĹje băma tou stoiqÐzei lÐgo, eÐnai idiaÐtera argì exaitÐac tou polÔ desmeutikoÔ periorismoÔ τ ≤ 0.25.

Gia autì to lìgo emeÐc sthn ergasÐa mac uiojetoÔme to implicit sqăma thc enìthtac 4.3 gia thn exèlixh twn gewdaitikÿn energÿn perigrammĹtwn. To sqăma èqei wc exăc:

[I − τA]u^{n+1} = u^n (5.6)

Gia thn epÐlush tou prokÔptontoc algebrikoÔ sustămatoc qrhsimopoioÔme tic mejìdouc pollaplÿn plegmĹtwn thc enìthtac 3.3. AxÐzei na shmeiwjeÐ ìti qreiĹzetai na dhmiourgăsoume mìno katĹ thn prÿth epanĹlhyh touc pÐnakec periorismoÔ I^{2h}_h kai epèktashc I^h_{2h}, kajÿc kai touc pÐnakec A^{2h}, A^{4h} . . . tou problămatoc sta ligìtero leptomeră epÐpeda, kajÿc o pÐnakac epanĹlhyhc eÐnai qronikĹ ametĹblhtoc. Autì shmaÐnei ìti oi epìmenec epanalăyeic kostÐzoun ligìtero.

Prin apì kĹje băma thc epanĹlhyhc 5.6 h sunĹrthsh u prèpei na epanarqikopoieÐtai ston proshmasmèno metasqhmatismì eukleÐdeiac apìstashc apì to perÐgramma. Prokeimènou na epiteuqjeÐ autì mporoÔn na qrhsimopoihjoÔn oi dÔo mèjodoi thc enìthtac 2.3, dhladă h mèjodoc thc exÐswshc d_t + sign(d)(‖∇d‖ − 1) = 0 kai o algìrijmoc taqeÐac proèlashc. EmeÐc ulopoiăsame kai tic dÔo mejìdouc. O algìrijmoc taqeÐac proèlashc apodeÐqthke elafrĹ kalÔteroc gia thn perÐptwsă mac.

O algìrijmoc pou proteÐnoume gia thn taqeÐa exèlixh twn gewdaitikÿn energÿn perigrammĹtwn èqei sunolikĹ wc exăc:

1. ArqikopoÐhsh. Apì mia arqikă diakrită kampÔlh Γ_0 dhmiourgoÔme èna arqikì diĹnusma enswmĹtwshc u^0 sto epÐpedo thc eikìnac kai jètoume n = 0.

2. EpanarqikopoÐhsh. To diĹnusma u^n epanarqikopoieÐtai se proshmasmèno metasqhmatismì eukleÐdeiac apìstashc apì to mhdenikì epipedosÔnolì tou.

3. Exèlixh. To diĹnusma u^{n+1} prokÔptei me epÐlush tou sustămatoc [I − τA]u^{n+1} = u^n me multigrid teqnikèc.

4. Sunjăkh termatismoÔ. Jètoume n = n + 1. EĹn n ≥ iter o algìrijmoc termatÐzetai, diaforetikĹ phgaÐnoume sto băma 2.

O algìrijmoc èqei dÔo paramètrouc, to mègejoc tou qronikoÔ bămatoc τ kai ton arijmì twn epanalăyewn iter. ’Opwc ja doÔme sthn enìthta 5.6 katĹ thn parousÐash twn peiramatikÿn apotelesmĹtwn gia ton algìrijmo, epilègontac wc qronikì băma τ ènan polÔ megĹlo arijmì ≈ 10^{10} arkoÔn mÐa ă to polÔ dÔo epanalăyeic gia na ftĹsoume sthn telikă katĹstash thc kampÔlhc.

Gia sunhjismènec diastĹseic eikìnwn to pio akribì tmăma tou algorÐjmou eÐnai to trÐto, pou perilambĹnei thn epÐlush enìc megĹlou algebrikoÔ sustămatoc exisÿsewn. ’Opwc eÐdame sthn enìthta 4.6, h epÐlush tou grammikoÔ sustămatoc me mejìdouc pollaplÿn plegmĹtwn eÐnai O(N) diadikasÐa, ìpou N eÐnai o arijmìc twn pixels thc eikìnac. ’Ara kai o algìrijmìc mac èqei praktikĹ O(N) poluplokìthta.

5.4 Mèjodoi pollaplÿn analÔsewn se sunduasmì me teqnikèc stenăc zÿnhc

DÔo mèjodoi pou mac bohjoÔn na epitaqÔnoume thn exèlixh twn epipedosunìlwn ìtan qrhsimopoioÔme ta explicit arijmhtikĹ sqămata thc enìthtac 2.2 eÐnai oi teqnikèc stenăc zÿnhc, pou eÐdame sthn enìthta 2.3, kai oi teqnikèc pollaplÿn analÔsewn (multiresolution techniques).

H idèa thc mejìdou pollaplÿn analÔsewn eÐnai na jewrăsoume thn arqikă eikìna I_0 diĹstashc N = N_x × N_y wc th bĹsh miac puramÐdac apoteloÔmenhc apì h eikìnec {I_k, k = 0, 1, . . . , h − 1} diĹstashc (2^{−k}N_x) × (2^{−k}N_y) h kajemiĹ. To kĹje epÐpedo thc puramÐdac prokÔptei apì to katÿterì tou me kĹpoia diadikasÐa apeikìnishc pou skopì èqei thn ìso to dunatìn pio pistă anaparĹstash thc eikìnac tou katÿteroÔ tou epipèdou ìtan mìno to 1/4 twn pixels eÐnai diajèsima. Sto tèloc autăc thc enìthtac ja exetĹsoume me poièc mejìdouc mporeÐ na gÐnei aută h apeikìnish.

AfoÔ èqoume dhmiourgăsei autăn thn ierarqÐa eikìnwn, xekinĹme thn exèlixh thc kampÔlhc sto pio traqÔ epÐpedo I_{h−1}. H kampÔlh ftĹnei sqetikĹ grăgora sthn telikă thc katĹstash, afoÔ h eikìna sto traqÔ epÐpedo èqei mikrì arijmì apì pixels. Sth sunèqeia apeikonÐzoume thn kampÔlh sto amèswc

5.4 Mèjodoi pollaplÿn analÔsewn se sunduasmì me teqnikèc stenăc zÿnhc 89

pio leptomerèc epÐpedo I_{h−2} kai thn afănoume na suneqÐsei thn exèlixă thc apì thn katĹstash sthn opoÐa apeikonÐsthke wc th nèa telikă gia to epÐpedo sto opoÐo brÐsketai katĹstash. SuneqÐzoume kat’ autìn ton trìpo anadromikĹ mèqri na ftĹsoume sto epÐpedo plărouc anĹlushc I_0 ìpou h diadikasÐa oloklhrÿnetai. H mèjodoc pollaplÿn analÔsewn epitaqÔnei thn exèlixh thc kampÔlhc, giatÐ se kĹje epÐpedo thc puramÐdac xekinĹme me mia arqikă jèsh thc kampÔlhc pou apoteleÐ mia polÔ kală ektÐmhsh thc telikăc thc jèshc, opìte de qreiazìmaste polÔ qrìno mèqri na thn proseggÐsoume.

H mèjodoc pollaplÿn analÔsewn mporeÐ epwfelÿc na sunduasteÐ me ton algìrijmo pou parousiĹsame sthn prohgoÔmenh enìthta kai na ton epitaqÔnei. Sthn perÐptwsh tou dikoÔ mac algorÐjmou ja mporoÔse bèbaia kaneÐc dikaiologhmèna na isquristeÐ ìti den èqoume kĹpoio kèrdoc an efarmìsoume th mèjodo twn pollaplÿn analÔsewn ìpwc thn perigrĹyame, giatÐ oÔtwc ă Ĺllwc ftĹnoume sthn telikă jèsh thc kampÔlhc se èna ă to polÔ dÔo bămata, opìte den kerdÐzoume kĹti se qrìno eĹn eÐmaste pio kontĹ sthn telikă jèsh thc kampÔlhc ekmetalleuìmenoi ta apotelèsmata thc exèlixăc thc stic pio traqeièc klÐmakec. Autìc o isqurismìc ìmwc katarrÐptetai eĹn sunduĹsoume th mèjodo twn pollaplÿn analÔsewn me teqnikèc stenăc zÿnhc. PrĹgmati, eĹn efarmìsoume ton taqÔ algìrijmo thc enìthtac 5.3 se ìlh thn èktash thc pio traqeiĹc eikìnac I_{h−1} kai katìpin, kajÿc proqwrĹme proc ta pio leptomeră epÐpeda thc puramÐdac, ton efarmìzoume mìno se mia stenă zÿnh gÔrw apì thn ekĹstote jèsh thc kampÔlhc, tìte mporoÔme na èqoume axioshmeÐwth meÐwsh tou qrìnou pou apaiteÐtai gia thn exeÔresh thc telikăc jèshc tou perigrĹmmatoc. Autèc oi idèec apeikonÐzontai sto sqăma 5.6.

O algìrijmoc tÿra paÐrnei th morfă:

1. Puramidikă anĹlush. DhmiourgoÔme apì thn arqikă eikìna I_0 thn puramÐda {I_k, k = 0, 1, . . . , h − 1}. Jètoume k = h − 1 kai arqikopoioÔme to perÐgramma sto epÐpedo h − 1.

2. Exèlixh. Efarmìzoume ton algìrijmo thc enìthtac 5.3 se mia stenă zÿnh gÔrw apì thn arqikă jèsh tou perigrĹmmatoc sto epÐpedo k.

3. MetaforĹ. EĹn k > 0, metafèroume to perÐgramma sto epÐpedo k − 1, jètoume k = k − 1 kai phgaÐnoume pÐsw sto Băma 2. DiaforetikĹ o algìrijmoc oloklhrÿnetai.

To akribèc kèrdoc sto qrìno ektèleshc exartĹtai apì thn politikă mac gia to plĹtoc thc stenăc zÿnhc se kĹje epÐpedo thc puramÐdac. Mia pijană taktikă pou eÐnai eÔkolo na analujeÐ ja ătan na ekteloÔme ton algìrijmo thc enìthtac 5.3 kai sta 4^{−(h−1)}N pixels thc traqeiĹc eikìnac I_{h−1} kai kajÿc proqwrĹme proc ta pio leptomeră epÐpeda thc eikìnac na èqoume diarkÿc ton Ðdio arijmì apì pixels sth stenă zÿnh, dhladă 4^{−(h−1)}N. Tìte ja èprepe na lÔsoume h grammikĹ sustămata (ìsa kai ta epÐpeda thc puramÐdac) me 4^{−(h−1)}N agnÿstouc to kajèna. Epeidă h epÐlush tou grammikoÔ sustămatoc èqei grammikă poluplokìthta wc proc to plăjoc twn metablhtÿn, èpetai ìti o qrìnoc pou afierÿnoume sthn epÐlush grammikÿn susthmĹtwn eÐnai tÿra Ðsoc me h4^{−(h−1)} forèc to qrìno pou ja èprepe na afierÿsoume qwrÐc thn efarmogă teqnikÿn pollaplÿn analÔsewn kai stenăc zÿnhc. Autìc o parĹgontac isoÔtai me 1/2, 3/16 kai 1/16 gia puramÐda me h = 2, 3 ă 4 epÐpeda, antÐstoiqa, pou eÐnai mia polÔ shmantikă beltÐwsh. Autìc o parĹgontac de lambĹnei upìyh to qrìno pou apaiteÐtai gia thn kataskeuă thc puramÐdac.

Sthn anĹlush pou prohgăjhke eÐdame ìti ìso pio pollĹ epÐpeda qrhsimopoioÔme, tìso to kèrdoc mac auxĹnetai. UpĹrqei bèbaia ènac sobarìc periorismìc anaforikĹ me to plăjoc twn epipèdwn pou mporoÔme na qrhsimopoiăsoume. Pio sugkekrimèna, gia na èqei nìhma h efarmogă twn teqnikÿn pollaplÿn analÔsewn pou suzhtăsame, ja prèpei ta antikeÐmena pou mac endiafèroun na eÐnai oratĹ sto pio traqÔ epÐpedo I_{h−1}. Autì odhgeÐ sthn prĹxh se èna mègisto arijmì 3 − 4 epipèdwn puramidikăc anĹlushc gia tic perissìterec efarmogèc.

EÐnai epÐshc shmantikì o algìrijmoc pou qrhsimopoioÔme gia th dhmiourgÐa thc puramÐdac na na mhn jolÿnei kai na mhn metakineÐ tic akmèc twn antikeimènwn. PuramÐdec pou basÐzontai se morfologikĹ fÐltra [32] ă sto metasqhmatismì wavelet [38] emfanÐzoun autèc tic epijumhtèc idiìthtec kai epiplèon ulopoioÔntai apodotikĹ. Sthn ulopoÐhsă mac se prÿth fĹsh kĹnoume qrăsh miac aplăc grammikăc puramÐdac allĹ skopeÔoume sÔntoma na dokimĹsoume th sumperiforĹ morfologikÿn puramÐdwn sto prìblhmĹ mac.

5.5 Susqètish me mejìdouc tomăc grĹfwn gia katĹtmhsh

Oi mèjodoi tomăc grĹfwn (graph cuts) eÐnai mia sqetikĹ kainoÔrgia teqnikă pou qrhsimopoieÐtai ta teleutaÐa qrìnia gia katĹtmhsh eikìnwn [68], [64]. Sth sunèqeia ja parousiĹsoume mia sÔntomh eisagwgă sth mèjodo aută.

JewroÔme ènan mh-kateujunìmeno grĹfo me bĹrh G = (V, E), ìpou V, E eÐnai ta sÔnola twn kìmbwn kai twn akmÿn tou grĹfou, antÐstoiqa. O grĹfoc autìc prokÔptei apì thn arqikă eikìna jewrÿntac kĹpoia domikĹ stoiqeÐa thc eikìnac (image primitives) wc kìmbouc n_i tou grĹfou. H akmă w_{ij} tou grĹfou anaparistĹ thn èntash thc suggèneiac metaxÔ dÔo kìmbwn n_i, n_j. Sth dikă mac perÐptwsh kìmboi eÐnai ta pixels thc eikìnac kai jewroÔme ìti to kĹje pixel suggeneÔei mìno me ta 4 geitonikĹ tou, me bajmì suggèneiac w_{ij} = {_{gi+gj} 2 j ∈ N(i) 0 diaforetikĹ

(5.7)

An kĹnoume qrăsh thc orologÐac pou mìlic eisĹgame, skopìc thc katĹtmhshc thc eikìnac eÐnai na diamerÐsoume to sÔnolo twn kìmbwn se omogenă tmămata, ètsi ÿste oi kìmboi pou anăkoun sto Ðdio tmăma na eÐnai isqurĹ sundedemènoi metaxÔ touc kai oi kìmboi pou anăkoun se diaforetikĹ tmămata na emfanÐzoun qalară sÔndesh metaxÔ touc. ’Enac trìpoc gia na petÔqoume autăn th diamèrish ja ătan na qwrÐsoume thn arqikă eikìna se dÔo tmămata, ta opoÐa me th seirĹ touc mporoÔme Ôstera na diqotomăsoume anadromikĹ. Sth sunèqeia akoloujoÔme th suzăthsh apì to [64].

Prokeimènou na diqotomăsoume èna grĹfo mporoÔme na jewrăsoume èna diĹnusma v me trìpo pou to prìshmo thc sunistÿsac tou v_i na kajorÐzei th summetoqă tou kìmbou n_i sto èna ă to Ĺllo uposÔnolo. ’Enac trìpoc gia na orÐsoume autì to diĹnusma ja ătan na lÔsoume to parakĹtw prìblhma beltistopoÐhshc: v^∗ = argmin ∑ ij w_{ij}(v_i − v_j )^2 (5.8)

upì touc periorismoÔc ∑ i v_i = 0 kai ∑ i v^2_i = 1. Elaqistopoiÿntac thn parĹstash thc exÐswshc (5.8) dÐnoume timèc pou diafèroun lÐgo metaxÔ touc se kìmbouc pou èqoun megĹlh sunĹfeia w_{ij} . Oi dÔo periorismoÐ apokleÐoun tic mh epijumhtèc tetrimènec lÔseic v = (1, 1, . . . , 1)^T kai v = (0, 0, . . . , 0)^T antÐstoiqa. Shmeiwtèon ìti aută h epilogă sunĹrthshc kìstouc odhgeÐ sthn tomă average cut. ’Allec epilogèc pou odhgoÔn se diaforetikèc tomèc parousiĹzontai sto [68]. Mia sugkritikă melèth twn apotelesmĹtwn pou prokÔptoun me efarmogă diaforetikÿn krithrÐwn tomăc grĹfwn parousiĹzetai sto [69].

’Ustera apì kĹpoiec prĹxeic katalăgoume ìti to prìblhma (5.8) isodunameÐ me to parakĹtw prìblhma beltistopoÐhshc:

v^∗ = argmin v^T Lv v^T v , me v^T (1, 1, . . . , 1)^T = 0, (5.9)

ìpou o pÐnakac L = [l_{ij} ] onomĹzetai Laplacian pÐnakac tou grĹfou G kai èqei stoiqeÐa l_{ij} = { −w_{ij} j ≠ i ∑ j≠i wij j = i (5.10)

ParathroÔme amèswc ìti sthn perÐptwsh pou orÐzoume ton G apì thn exÐswsh (5.7) tìte isqÔei L = −A, (5.11) ìpou A eÐnai o pÐnakac pou orÐzetai apì th sqèsh (5.4) kai èqei paÐxei shmantikì rìlo sth melèth thc exÐswshc anisotropikăc diĹqushc kai tou montèlou twn gewdaitikÿn energÿn perigrammĹtwn.

Gia to prìblhma elaqistopoÐhshc (5.9) eÐnai gnwstì (dec to [64] kai tic ekeÐ anaforèc) ìti to elĹqisto epitugqĹnetai gia v = v_2 kai autì to elĹqisto eÐnai to 2λ^G_2 = −2λ_2, ìpou λ_2, v_2 eÐnai katĹ ta gnwstĹ oi idiotimèc tou A me th sÔmbash arÐjmhsăc touc pou akoloujoÔme se autì to kefĹlaio. Sunepÿc h diqotìmhsh tou grĹfou anĹgetai sthn eÔresh tou idiodianÔsmatoc v_2 tou pÐnaka A. Gia na epiteuqjeÐ autì ja mporoÔsame na akoloujăsoume mejìdouc arijmhtikăc anĹlushc gia thn taqeÐa eÔresh idiotimÿn araiÿn pinĹkwn (dec p.q. to [30]).

’Opwc exhgeÐtai sto [68], pèra apì to v_2 merikĹ akìma idiodianÔsmata v_s tou pÐnaka A pou antistoiqoÔn se idiotimèc λ_s kontĹ sto 0 dÐnoun shmantikă plhroforÐa gia thn katĹtmhsh thc eikìnac se perissìterec apì 2 perioqèc mèsa se èna băma. Mèsw thc diaÐsjhshc pou èqoume anaptÔxei se autăn thn ergasÐa mporoÔme na to katalĹboume autì wc exăc. JewroÔme ìti èqoume mia eikìna pou apeikonÐzei p.q. mia skakièra diastĹsewn 2 × 2. EĹn oi akmèc metaxÔ twn tetragÿnwn thc skakièrac eÐqan Ĺpeirh antÐjesh, tìte o pÐnakac A ja diamerizìtan akribÿc se 4 tmămata kai h mhdenikă idiotimă ja eÐqe pollaplìthta 4. Sthn prĹxh ìmwc kai lìgw tou diakritoÔ qaraktăra tou plègmatoc sto opoÐo orÐzoume thn eikìna, to ‖∇I‖ èqei peperasmènh timă kai o pÐnakac A de diamerÐzetai akribÿc. Sunepÿc h mhdenikă idiotimă èqei pollaplìthta 1 kai èqoume Ĺllec 3 idiotimèc polÔ kontĹ sto 0 (polÔ pio kontĹ sto 0 se sqèsh me to λ_2 ≈ −π^2/N^2_{x(y)} pou problèpei h exÐswsh (4.11) gia thn isotropikă perÐptwsh). Sunepÿc prokÔptei ìti gia th diadikasÐa thc katĹtmhshc pèra apì to v_2 kĹpoia akìma idiodianÔsmata v_s paÐzoun shmantikì rìlo, arkeÐ to λ_s na eÐnai kontĹ sto 0. H sunjăkh pou prèpei na ikanopoieÐtai eÐnai |λ_s| ≪ −π^2/N^2_{x(y)}.

MetĹ apì th suzăthsh pou prohgăjhke mporoÔme na katalĹboume sqetikĹ eÔkola th sqèsh tou algorÐjmou taqeÐac exèlixhc gewdaitikÿn energÿn perigrammĹtwn me tic idèec apì tic mejìdouc tomăc grĹfwn pou parousiĹsame. Sto sqăma 5.1 deÐqnoume pÿc apeikonÐzontai oi idiotimèc tou pÐnaka A stic idiotimèc tou pÐnaka epanĹlhyhc G^{im} gia tic polÔ megĹlec timèc tou τ pou qrhsimopoioÔme sthn prĹxh. ParathroÔme ìti o pÐnakac G^{im} epenergeÐ pĹnw sto u^n katĹ kĹpoio trìpo wc bajuperatì fÐltro katapièzontac isqurĹ ìlec tic sunistÿsec tou u^n pou antistoiqoÔn se idiotimèc makriĹ apì to 0. Pio posotikĹ, oi sunistÿsec pou antistoiqoÔn se idiotimèc λ_s < −99/τ katapièzontai perissìtero apì 99% se mÐa mìno epanĹlhyh. Gia na èqoume kalÔterh aÐsjhsh twn megejÿn, gia τ = 10^{10} oi sunistÿsec pou antistoiqoÔn se idiotimèc λ_s < −10^{−8} katapièzontai perissìtero apì 99%. Gia sÔgkrish, gia mia eikìna diastĹsewn 100 × 100 o tÔpoc thc isotropikăc perÐptwshc dÐnei λ_2 ≈ −π^2/N^2_{x(y)} = −10^{−3}. Sunepÿc o taqÔc algìrijmoc exèlixhc twn gewdaitikÿn energÿn perigrammĹtwn ìtan efarmosteÐ me polÔ megĹlo τ exoudeterÿnei ìlec tic sunistÿsec tou u^n ektìc apì autèc pou antistoiqoÔn sta idiodianÔsmata pou paÐzoun shmantikì rìlo sthn katĹtmhsh thc eikìnac (h sunistÿsa pou antistoiqeÐ sto diĹnusma v_0 = (1, 1, . . . , 1)^T epÐshc diathreÐtai).

Sqăma 5.1: Sto sqăma blèpoume pÿc apeikonÐzontai oi idiotimèc λ_s tou pÐnaka A, stic idiotimèc λ^{im}_s tou pÐnaka G^{im} tou implicit sqămatoc mèsw thc sqèshc (4.26), ìtan h parĹmetroc τ paÐrnei polÔ megĹlec timèc. Blèpoume ìti gia polÔ megĹlo τ, oi idiotimèc tou pÐnaka epanĹlhyhc G^{im} eÐnai amelhtèec ektìc apì autèc pou antistoiqoÔn stic idiotimèc λ_s tou pÐnaka A pou eÐnai polÔ kontĹ sto mhdèn. Autì shmaÐnei ìti mìno oi qamhlìsuqnec sunistÿsec tou u paramènoun metĹ thn epanalhptikă diadikasÐa. Me katĹllhlh epilogă tou τ mporoÔme na aposbèsoume ìlec tic sunistÿsec ektìc apì ekeÐnec pou antistoiqoÔn stic idiotimèc λ_s pou eÐnai shmantikèc sthn katĹtmhsh.

Sto sqăma 5.2 kĹnoume mia prospĹjeia na epideÐxoume tic idèec autèc. To parĹdeigma basÐzetai se mÐa epanĹlhyh tou taqèwc algorÐjmou gia thn exèlixh gewdaitikÿn energÿn perigrammĹtwn gia thn Ðdia eikìna pou emfanÐzetai kai sto sqăma 5.3.

Ja mporoÔse na anarwthjeÐ kaneÐc pÿc exhgeÐtai apì th skopiĹ thc anĹlushc autăc thc enìthtac h exĹrthsh thc telikăc jèshc tou perigrĹmmatoc apì thn arqikă tou jèsh. H apĹnthsh eÐnai ìti h arqikă jèsh tou perigrĹm-

94 Algìrijmoi gia GewdaitikĹ EnergĹ PerigrĹmmata

Sqăma 5.2: Sto sqăma blèpoume to diĹnusma u^{n+1} pou proèkuye metĹ apì mÐa epanĹlhyh tou taqèwc algorÐjmou gia thn exèlixh twn gewdaitikÿn energÿn perigrammĹtwn me τ = 10^5. DiakrÐnoume thn parousÐa 3 − 4 idiodianusmĹtwn pou eÐnai polÔ shmantikĹ sthn katĹtmhsh.

matoc kajorÐzei touc suntelestèc pou ja èqoun oi sunistÿsec tou u^n pou antistoiqoÔn se kĹje idiodiĹnusma. Autì eÐnai kai to shmeÐo pou diaforopoieÐ ton algìrijmo exèlixhc twn gewdaitikÿn energÿn perigrammĹtwn apì tic mejìdouc tomăc grĹfwn.

5.6 PeirĹmata kai sugkrÐseic

Aută h enìthta sumplhrÿnei th jewrhtikă suzăthsh pou prohgăjhke gia touc diĹforouc algorÐjmouc pou mporoÔn na qrhsimopoihjoÔn gia thn exèlixh gewdaitikÿn energÿn perigrammĹtwn. ’Ola ta peirĹmata èginan sto upologistikì sÔsthma pou perigrĹfetai sto ParĹrthma Aþ. Wc montèlo gewdaitikÿn energÿn perigrammĹtwn qrhsimopoiăjhke h exÐswsh (5.2) me th g na dÐnetai apì th sqèsh g = g(‖∇I‖) = exp ( − ‖∇I_{s0} ‖ σ ) , (5.12)

me parĹmetro kanonikopoÐhshc s_0 = 1.0 kai parĹmetro antÐjeshc σ = 0.001 se ìla ta peirĹmata pou akoloujoÔn. Se ìla ta peirĹmata plhn tou teleutaÐou qrhsimopoiăjhke h èkdosh tou algorÐjmou qwrÐc th mèjodo pollaplÿn analÔsewn. Oi diastĹseic tou qwrikoÔ plègmatoc eÐnai pantoÔ h_x = h_y = 1. Prèpei na shmeiwjeÐ ìti den èqoume akìma peiramatikĹ apotelèsmata gia to AOS sqăma.

PeÐrama 1:

Katarqăn metrĹme to qrìno ektèleshc gia ton algìrijmo thc enìthtac 5.3. Mac endiafèroun tìso oi apìlutec qronikèc timèc, ìso kai h exĹrthsh tou qrìnou ektèleshc apì to mègejoc tou problămatoc. O pÐnakac 5.1 mac dÐnei to qrìno pou apaiteÐtai gia thn ektèlesh tou algorÐjmou se sunĹrthsh me to mègejoc thc eikìnac (se upologistă Pentium 700 MHz). ’Ena băma tou algorÐjmou ătan arketì gia na ftĹsoume sthn telikă katĹstash se ìlec tic periptÿseic. O qrìnoc ektèleshc (CPU time, perilambĹnei input-output) èqei me kală prosèggish grammikă exĹrthsh apì to mègejoc tou problămatoc (o arijmìc twn pixels thc eikìnac). Autì to perimèname giatÐ to pio akribì tmăma tou algorÐjmou eÐnai h epÐlush tou grammikoÔ problămatoc me teqnikèc pollaplÿn plegmĹtwn, pou, ìpwc eÐdame sthn enìthta 4.6, èqei kìstoc anĹlogo tou megèjouc tou problămatoc.

PeÐrama 2:

To epìmeno peÐrama pou parajètoume sto sqăma 5.3 aforĹ th sumperiforĹ tou montèlou twn gewdaitikÿn energÿn perigrammĹtwn ìtan h arqikă kampÔlh den eÐnai entelÿc èxw apì ta antikeÐmena pou mac endiafèroun. ParathroÔme ìti h kampÔlh mac katafèrnei na brei to epijumhtì perÐgramma. Autì sumbaÐnei

Mègejoc #pixels (×10^4) Qrìnoc (sec) 100 × 100 1.0 0.61 256 × 256 6.6 3.65 512 × 512 26.2 13.6

PÐnakac 5.1: H taqÔthta thc mejìdou pollaplÿn plegmĹtwn se sunĹrthsh me to mègejoc thc eikìnac gia gewdaitikĹ energĹ perigrĹmmata. Qrhsimopoiăsame thn Ðdia eikìna se diaforetikĹ megèjh. Se kĹje perÐptwsh qreiĹsthke mìno mÐa epanĹlhyh.

epeidă den qrhsimopoioÔme kĹpoia balloon force pou ja epètrepe thn kÐnhsh tou perigrĹmmatoc mìno proc ta mèsa ă mìno proc ta èxw.

Arqikă jèsh thc kampÔlhc Telikă jèsh (1 ep.,τ = 10^{10}, 0.6sec)

Sqăma 5.3: H arqikă kampÔlh den eÐnai oÔte ektìc oÔte entìc twn antikeimènwn. Parìla autĹ to perÐgramma odhgeÐtai sthn epijumhtă jèsh (mègejoc thc eikìnac 100 × 100 pixels)

PeÐrama 3:

Sth sunèqeia kai sta sqămata 5.4 kai 5.5 exetĹzoume ton arijmì twn bhmĹtwn tou algorÐjmou pou apaitoÔntai gia na ftĹsoume kontĹ sthn telikă jèsh tou perigrĹmmatoc. Blèpoume sto sqăma 5.4 ìti ădh me mÐa mìno epanĹlhyh èqoume mia polÔ ikanopoihtikă ektÐmhsh thc telikăc jèshc thc kampÔlhc. ExaÐresh apoteleÐ to antikeÐmeno me th bajiĹ kai stenă koilìthta pou faÐnetai se megèjunsh sto sqăma 5.5. Gia na eisèljei to perÐgramma sto bĹjoc autăc thc koilìthtac apaiteÐtai Ĺllh mÐa epanĹlhyh. MÐa trÐth epanĹlhyh den metakineÐ peraitèrw thn kampÔlh. EÐnai loipìn fanerì ìti mÐa ă to polÔ dÔo epanalăyeic arkoÔn stic perissìterec periptÿseic gia na odhgăsoun to perÐgramma sthn telikă tou jèsh. Shmeiwtèon ìti ìtan èqoume perissìterec apì mÐa epanalăyeic stoiqÐzoun h kajemÐa ligìtero apì thn prÿth epanĹlhyh, giatÐ h dhmiourgÐa tou pÐnaka suntelestÿn twn agnÿstwn gia ta pio traqeiĹ plègmata tou algebrikoÔ multigrid apaiteÐtai mìno katĹ thn prÿth epanĹlhyh. ’Etsi sto sqăma 5.4 blèpoume ìti h prÿth epanĹlhyh kostÐzei perÐpou 4 forèc perissìtero apì tic epìmenec.

Arqikă jèsh thc kampÔlhc 1 epanĹlhyh (τ = 10^{10}, 4.4sec)

2 epanalăyeic (τ = 10^{10}, 5.5sec) 3 epanalăyeic (τ = 10^{10}, 6.4sec)

Sqăma 5.4: Pìsec epanalăyeic apaitoÔntai gia na ftĹsoume sthn telikă jèsh tou perigrĹmmatoc? DeÐqnoume ta apotelèsmata tou algorÐjmou Ôstera apì 1, 2 kai 3 epanalăyeic. Parajètoume epÐshc to qrìno pou apaităjhke gia thn ektèlesh se kĹje perÐptwsh. To mègejoc thc eikìnac eÐnai 320 × 240 pixels

PeÐrama 4:

Katìpin sto sqăma 5.6 deÐqnoume to mhqanismì leitourgÐac tou algorÐjmou ìtan sunduĹzetai me tic teqnikèc stenăc zÿnhc kai pollaplÿn analÔsewn pou suzhtăsame sthn enìthta 5.4. Blèpoume sto sqăma thn puramÐda 4 epipèdwn pou èqoume dhmiourgăsei gia thn eikìna <<Nìmisma kai GualiĹ>> diĹstashc

1 epanĹlhyh 2 epanalăyeic

Sqăma 5.5: Leptomerăc Ĺpoyh twn apotelesmĹtwn tou sqămatoc 5.4 Ôstera apì mÐa kai dÔo epanalăyeic. ’Eqoume epikentrÿsei thn prosoqă mac se èna antikeÐmeno pou emfanÐzei mia bajiĹ kai stenă koilìthta. ApaitoÔntai dÔo epanalăyeic gia na eisèljei to perÐgramma entìc thc koilìthtac.

1024 × 768 pixels. ExelÐssoume to perÐgramma katarqăn sto pio traqÔ epÐpedo (epÐpedo 3). Katìpin metafèroume proc ta pio leptomeră epÐpeda to perÐgramma pou èqoume brei. Se kĹje nèo epÐpedo trèqoume xanĹ ton algìrijmo prokeimènou to perÐgramma na prosarmosteÐ stic leptomèreiec thc eikìnac tou nèou epipèdou. Epeidă se kĹje nèo epÐpedo eÐmaste kontĹ sthn telikă jèsh thc kampÔlhc, arkeÐ na trèxoume ton algìrijmo entìc miac stenăc zÿnhc gÔrw apì thn arqikă jèsh tou perigrĹmmatoc. Blèpoume ìti petuqaÐnoume axioshmeÐwth epitĹqunsh thc diadikasÐac me autìn ton trìpo, afoÔ apaitoÔntai 10.2 sec gia thn exèlixh tou perigrĹmmatoc antÐ gia ≈ 40 pou ja perimèname gia eikìna autoÔ tou megèjouc me bĹsh ta apotelèsmata tou pÐnaka 5.1. Apì thn Ĺllh pleurĹ, ìmwc, parathroÔme ìti o dexiìc braqÐonac twn gualiÿn sto sqăma 5.6 den aniqneÔetai swstĹ, giatÐ sthn pio leptomeră klÐmaka oi akmèc tou antikeimènou den eÐnai idiaÐtera èntonec. Anamènoume ìti ja apofeÔgame autì to fainìmeno an kĹname qrăsh morfologikÿn puramÐdwn antÐ thc grammikăc puramÐdac pou qrhsimopoioÔme tÿra sthn ulopoÐhsă mac.

PeÐrama 5:

Tèloc, sto sqăma 5.7 deÐqnoume thn akatallhlìthta tou sqămatoc Crank- Nicholson gia thn perÐptwsh exèlixhc gewdaitikÿn energÿn perigrammĹtwn me polÔ megĹlo τ. Qrhsimopoiÿntac to sqăma Crank-Nicholson odhgoÔmaste se lÔsh pou emfanÐzei èntonec talantÿseic. Autèc oi talantÿseic odhgoÔn sthn emfĹnish nèwn perigrammĹtwn pou kamÐa sqèsh den èqoun me to suneqèc montèlo. AntÐjeta blèpoume ìti to implicit sqăma emfanÐzei polÔ kalÔterh sumperiforĹ.

epÐpedo 3 (128 × 96)

epÐpedo 2 (256 × 192)

epÐpedo 1 (512 × 384)

epÐpedo 0 (1024 × 768)

Sqăma 5.6: Sunduasmìc tou taqÔ algorÐjmou gia gewdaitikĹ energĹ perigrĹmmata me teqnikèc anĹlushc se pollaplèc klÐmakec kai teqnikèc stenăc zÿnhc. Sthn aristeră stălh blèpoume th stenă zÿnh kai sth dexiĹ stălh blèpoume thn exèlixh thc kampÔlhc kajÿc proqwrĹme apì ta pio yhlĹ epÐpeda thc puramÐdac sta pio qamhlĹ. H eikìna èqei diastĹseic 1024 × 768 pixels. H diadikasÐa oloklhrÿjhke se 10.2 sec (τ = 10^{10}).

implicit, (1 ep. τ = 10^{10}, 4.3sec) Crank-Nicholson, (1 ep. τ = 10^{10}, 4.3sec)

Sqăma 5.7: SugkritikĹ apotelèsmata twn sqhmĹtwn implicit kai Crank- Nicholson gia mÐa epanĹlhyh tou algorÐjmou taqeÐac exèlixhc twn gewdaitikÿn energÿn perigrammĹtwn me τ = 10^{10}. Blèpoume pwc to sqăma Crank-Nicholson odhgeÐ sthn emfĹnish nèwn perigrammĹtwn pou proèrqontai apì isqurèc talantÿseic thc sunĹrthshc enswmĹtwshc kai kamÐa sqèsh den èqoun me to suneqèc montèlo. (DiastĹseic eikìnac 320 × 240 pixels)

KefĹlaio 6

SumperĹsmata

6.1 Sumbolă thc diplwmatikăc ergasÐac

H prwtìtuph suneisforĹ thc paroÔsac diplwmatikăc ergasÐac brÐsketai kurÐwc sta akìlouja shmeÐa:

• Qrăsh tou implicit arijmhtikoÔ sqămatoc kai mejìdwn pollaplÿn plegmĹtwn sthn epÐlush tou problămatoc twn gewdaitikÿn energÿn perigrammĹtwn. O algìrijmoc pou prokÔptei eÐnai Ðswc o pio grăgoroc algìrijmoc gia thn exèlixh gewdaitikÿn energÿn perigrammĹtwn pou eÐnai gnwstìc sămera sth bibliografÐa.

• Susqètish tou montèlou twn gewdaitikÿn energÿn perigrammĹtwn me tic mejìdouc tomăc grĹfwn mèsw thc jewrhtikăc anĹlushc tou algorÐjmou gia thn taqeÐa exèlixh gewdaitikÿn energÿn perigrammĹtwn. H susqètish aută apì th mia meriĹ isquropoieÐ ton algìrijmo pou proteÐnoume kai apì thn Ĺllh meriĹ apodeiknÔei ìti oi duo mejodologÐec gia thn katĹtmhsh eikìnwn, an kai eÐnai fainomenikĹ diaforetikèc metaxÔ touc, sthrÐzontai pĹnw stic Ðdiec basikèc arqèc.

• AnĹlush kai sÔgkrish thc sumperiforĹc tou implicit sqămatoc kai tou sqămatoc Crank-Nicholson se sunduasmì me mejìdouc pollaplÿn plegmĹtwn sto prìblhma thc anisotropikăc diĹqushc.

AutĹ ta shmeÐa thc ergasÐac mac skopeÔoume na ta diereunăsoume peraitèrw kai na ta dhmosieÔsoume.

Pèra apì ta parapĹnw stoiqeÐa prwtotupÐac thc, h ergasÐa aută kinăjhke kai stic akìloujec kateujÔnseic:

• Anaskìphsh twn montèlwn anisotropikăc diĹqushc kai gewdaitikÿn energÿn perigrammĹtwn.

102 SumperĹsmata

• ParousÐash basikÿn mejìdwn arijmhtikăc anĹlushc gia merikèc diaforikèc exisÿseic, me èmfash sthn anĹlush eustĹjeiac me th mèjodo tou pÐnaka kai sta arijmhtikĹ sqămata pou qrhsimopoioÔntai eurèwc gia thn exèlixh epipedosunìlwn.

• ParousÐash thc susqètishc metaxÔ thc exÐswshc anisotropikăc diĹqushc kai thc exÐswshc exèlixhc twn gewdaitikÿn energÿn perigrammĹtwn. Aută h susqètish epitrèpei th qrăsh twn Ðdiwn arijmhtikÿn sqhmĹtwn kai stic dÔo periptÿseic.

• AnĹlush thc sumperiforĹc twn arijmhtikÿn sqhmĹtwn pou qrhsimopoioÔme gia thn anisotropikă diĹqush kai gia ta gewdaitikĹ energĹ perigrĹmmata me mejìdouc basismènec stic fasmatikèc idiìthtec tou pÐnaka epanĹlhyhc.

• ExoikÐwsh me sÔgqrona arijmhtikĹ pakèta gia thn arijmhtikă epÐlush problhmĹtwn merikÿn diaforikÿn exisÿsewn.

6.2 KateujÔnseic gia mellontikă èreuna

H èreunĹ mac gÔrw apì ta jèmata pou exetĹsame profanÿc kai den èqei oloklhrwjeÐ mèsa sta stenĹ plaÐsia thc paroÔsac diplwmatikăc ergasÐac. MerikĹ apì ta erwtămata pou den èqoun akìma apanthjeÐ kai oi kateujÔnseic tic opoÐec sqediĹzoume na akoloujăsoume eÐnai ta exăc:

• Pÿc sugkrÐnetai h mèjodoc pou proteÐnoume gia thn taqeÐa exèlixh twn gewdaitikÿn energÿn perigrammĹtwn me antÐstoiqouc algorÐjmouc basismènouc sto AOS sqăma thc enìthtac 4.4?

SkopeÔoume na ulopoiăsoume ton algìrijmo pou basÐzetai sto AOS sqăma kai na sugkrÐnoume ta apotelèsmata.

• MporoÔme na apodeÐxoume jewrhtikĹ ìti o algìrijmoc pou proteÐnoume gia thn taqeÐa exèlixh gewdaitikÿn energÿn perigrammĹtwn sugklÐnei sto Ðdio perÐgramma me to suneqèc montèlo? Poièc eÐnai oi proôpojèseic gia na isqÔei autì?

DiaisjhtikĹ anamènoume ta perigrĹmmata pou apoteloÔn stajerĹ shmeÐa tou algorÐjmou mac na eÐnai kai stajerĹ shmeÐa tou suneqoÔc montèlou (ìqi ìmwc aparaÐthta kai to antÐstrofo). Den èqoume ìmwc mèqri tÿra katafèrei na apodeÐxoume mia anĹlogh prìtash.

• Pÿc mporoÔme na eisĹgoume ton ìro pou antistoiqeÐ sto balloon force thc exÐswshc (1.11) (kÐnhsh tÔpou dilation/erosion) ston taqÔ algìrijmo

6.2 KateujÔnseic gia mellontikă èreuna 103

pou proteÐnoume me trìpo pou na diathreÐtai h eustĹjeia tou algorÐjmou dÐqwc periorismoÔc sto qronikì băma?

SqediĹzoume na qrhsimopoiăsoume ton algìrijmo taqeÐac proèlashc gia na qeiristoÔme autìn ton ìro. Den èqoume ìmwc akìma proqwrăsei sthn ulopoÐhsh gia na diajètoume peiramatikĹ apotelèsmata.

• ’Eqoume kĹpoio ìfeloc an qrhsimopoiăsoume morfologikèc puramÐdec sth mèjodo pollaplÿn analÔsewn thc enìthtac 5.4?

Prìkeitai na ulopoiăsoume sÔntoma tètoiec morfologikèc puramÐdec kai na exetĹsoume th sumperiforĹ touc.

• UpĹrqoun perijÿria peraitèrw meÐwshc tou qrìnou epÐlushc tou algebrikoÔ sustămatoc se kĹje băma tou algorÐjmou?

O kÿdikac tou algebrikoÔ multigrid èqei mia seirĹ apì paramètrouc (p.q. epijumhtă akrÐbeia) pou den èqoume wc tÿra exetĹsei pÿc ephreĹzoun thn taqÔthta ektèleshc kai thn poiìthta thc lÔshc.

• MporoÔme na proqwrăsoume peraitèrw th susqètish me tic mejìdouc tomăc grĹfwn?

SkopeÔoume katarqăn na pĹroume kĹpoia peiramatikĹ apotelèsmata, upologÐzontac ta idiodianÔsmata tou pÐnaka A. Me bĹsh th diaÐsjhsh pou ja apoktăsoume ja kajorÐsoume ta peraitèrw bămata thc diereÔnusăc mac.

AutĹ ta erwtămata ja apasqolăsoun thn èreunĹ mac sto mèllon.

ParĹrthma Aþ

Leptomèreiec UlopoÐhshc

H arijmhtikă epÐlush montèlwn merikÿn diaforikÿn exisÿsewn me trìpo apodotikì kai euèlikto eÐnai suqnĹ arketĹ dÔskolh upìjesh. H ulopoÐhsh twn mejìdwn pou exetĹsame sta prohgoÔmena KefĹlaia apoteleÐ shmantikì kommĹti thc paroÔsac ergasÐac kai sunèbale apofasistikĹ sth diadikasÐa exagwgăc jewrhtikÿn sumperasmĹtwn. Sto ParĹrthma autì ja dÿsoume mia sunoptikă perigrafă twn basikÿn upologistikÿn ergaleÐwn pou qrhsimopoiăsame kai mac dieukìlunan katĹ thn ulopoÐhsh kai ton peiramatikì èlegqo twn algorÐjmwn pou parousiĹzoume sthn paroÔsa ergasÐa.

Aþ.1 PETSc: Mia sullogă ergaleÐwn gia thn epÐlush PDEs

To PETSc (Portable, Extensible Toolkit for Scientific Computation) ([6]) eÐnai mia eleÔjera diajèsimh sullogă logismikoÔ gia thn arijmhtikă epÐlush se upologistikĹ sustămata me ènan ă perissìterouc epexergastèc merikÿn diaforikÿn exisÿsewn pou prokÔptoun apì th montelopoÐhsh problhmĹtwn megĹlhc klÐmakac. H sullogă aută perilambĹnei mia plhjÿra apì domèc dedomènwn kai routÐnec pou eÐnai anagkaÐec gia thn epÐlush problhmĹtwn merikÿn diaforikÿn exisÿsewn. Sthn perÐptwsh pou qrhsimopoioÔme polloÔc epexergastèc, h epikoinwnÐa metaxÔ touc basÐzetai sto prìtupo MPI ([27]). To PETSc anaptÔssetai kai exelÐssetai apì to Argonne National Laboratory.

To PETSc parèqei èna megĹlo arijmì apì routÐnec gia thn epÐlush grammikÿn kai mh-grammikÿn susthmĹtwn apì exisÿseic, kajÿc kai mia poikilÐa apì qronikoÔc oloklhrwtèc (time integators). EpÐshc parèqei pollèc mejìdouc pou dieukolÔnoun to grĹyimo kai ton èlegqo parĹllhlwn programmĹtwn. Aută h upodomă mporeÐ na qrhsimopoihjeÐ apì progrĹmmata efarmogÿn grammèna se C, C++ ă Fortran.

Aþ.1 PETSc: Mia sullogă ergaleÐwn gia thn epÐlush PDEs 105

H bibliojăkh aută èqei ierarqikă domă, pou apeikonÐzetai sto sqăma Aþ.1. O kĹje qrăsthc, anĹloga me tic apaităseic thc efarmogăc pou jèlei na ulopoiăsei, mporeÐ na qrhsimopoiăsei mejìdouc tou epipèdou afaÐreshc pou ton boleÔei perissìtero. An kai to PETSc eÐnai grammèno se glÿssa C, qrhsimopoieÐ se megĹlo bajmì teqnikèc antikeimenostrefă programmatismoÔ^1. ’Etsi, kĹje module tou sqămatoc Aþ.1 qeirÐzetai antikeÐmena enìc tÔpou (p.q. pÐnakec) kai èqei parìmoia leitourgikìthta me mÐa klĹsh tou antikeimenostrefă programmatismoÔ, perilambĹnontac tìso domèc dedomènwn, ìso kai mejìdouc gia to qeirismì twn antikeimènwn.

Sqăma Aþ.1: H ierarqÐa tou PETSc

Kajèna apì ta modules tou PETSc apoteleÐtai apì mia afhrhmènh diepafă kai apì mÐa ă perissìterec ulopoiăseic thc. Aută h sqedÐash, basismènh sthn idèa tou polumorfismoÔ thc antikeimenostrefăc mejodologÐac, epitrèpei thn eÔkolh sÔgkrish metaxÔ diaforetikÿn algorÐjmwn (p.q. th sÔgkrish metaxÔ twn explicit, implicit kai Crank-Nicholson sqhmĹtwn sth dikă mac er-

1H epilogă thc glÿssac C ègine gia na epiteuqjeÐ h ìso to dunatìn megalÔterh forhtìthta thc bibliojăkhc, kajÿc metaglwttistèc pou ulopoioÔn to ANSI C prìtupo upĹrqoun sqedìn gia ìla ta shmantikĹ upologistikĹ sustămata.

106 Leptomèreiec UlopoÐhshc

gasÐa). Epitrèpei epÐshc thn eÔkolh epèktash thc bibliojăkhc, kajÿc kai thn enswmĹtwsh se autăn exwterikÿn routinÿn.

O kÿdikac amg1r5

Mia tètoia exwterikă routÐna eÐnai kai o kÿdikac amg1r5 gia thn epÐlush grammikÿn susthmĹtwn me algebrikèc mejìdouc pollaplÿn plegmĹtwn pou qrhsimopoiăsame sta peirĹmata autăc thc ergasÐac gia na epilÔsoume to araiì grammikì sÔsthma pou prokÔptei apì thn efarmogă twn sqhmĹtwn implicit kai Crank-Nicholson. O eleÔjera diajèsimoc (allĹ copyrighted) kÿdikac amg1r5 [63], eÐnai grammènoc se Fortran77. To PETSc èqei èna interface pou epitrèpei thn eÔkolh qrăsh tou kÿdika amg1r5.

Aþ.2 Peiramatikèc Sunjăkec

Gia na axiologhjoÔn kalÔtera oi metrăseic epÐdoshc twn KefalaÐwn 4 kai 5, parajètoume edÿ kĹpoiec leptomèreiec tou upologistikoÔ sustămatoc pou qrhsimopoiăsame.

O upologistăc pou qrhsimopoiăsame sta peirĹmata eÐqe epexergastă Intel Pentium 2 (Celeron) me suqnìthta rologioÔ 700 MHz, mnămh cache 128 KB kai kÔria mnămh 384 MB. To leitourgikì sÔsthma ătan to SuSe Linux 8.1 me èkdosh purăna 2.4.19. To prìgramma efarmogăc grĹfthke se C++. Gia th metaglÿttish tou progrĹmmatoc efarmogăc, kajÿc kai thc bibliojăkhc PETSc kai thc routÐnac amg1r5 qrhsimopoiăjhke o gcc version 3.2, me energopoihmènh th shmaÐa beltistopoÐhshc (-O).

BibliografÐa

[1] S.T. Acton. Multigrid anisotropic diffusion. IEEE Trans. on Image Processing, 7(3):280`291, MĹrtioc 1998.

[2] D. Adalsteinsson kai J. A. Sethian. A fast level set method for propagating interfaces. Journal of Computational Physics, 118(2):269`277, 1995.

[3] D. Adalsteinsson kai J. A. Sethian. The fast construction of extension velocities in level set methods. Journal of Computational Physics, 148(1):2`22, 1999.

[4] L. Alvarez, P.L. Lions kai J.M. Morel. Image selective smoothing and edge detection by nonlinear diffusion, ii. SIAM Journal Numer. Anal., 29(3):845`866, 1992.

[5] W. Ames. Numerical Methods for Partial Differential Equations. Academic Press, 3h èkdosh, 1992.

[6] Satish Balay, William D. Gropp, Lois C. McInnes kai Barry F. Smith.

Petsc users manual. Teqnikă AnaforĹ up. arÐjm. ANL-95/11 - Revision 2.1.5, Argonne National Laboratory, 2003.

[7] D. Barash, M. Israeli kai R. Kimmel. An accurate operator splitting scheme for nonlinear diffusion filtering. q.q.

[8] A. Blake kai M. Isard. Active Contours: The Appli cation of Techniques from Graphics, Vision, Control Theory and Statistics to Visual Tracking of Shapes in Motion. Springer-Verlag, 1997.

[9] A. Blake kai A. Zisserman. Visual Reconstruction. MIT Press, 1987.

[10] M. Born kai E. Wolf. Principles of Optics. Pergamon Press, Oxford, England, 2h èkdosh, 1987.

[11] W. Briggs. A multigrid tutorial. Tutorial presented at the 3rd Copper Mountain Conf. on Multigrid Methods, AprÐlioc 1987.

[12] W. L. Briggs, V. E. Henson kai S. F. McCormick. A Multigrid Tutorial.

SIAM Books, Philadelphia, 2h èkdosh, 2000.

[13] P.J. Burt kai E.H. Adelson. The laplacian pyramid as a compact image code. IEEE Trans. on Communications, 31(4):532`540, AprÐlioc 1983.

[14] V. Caselles, R. Kimmel kai G. Sapiro. Geodesic active contours. Int.

Journal of Comp. Vision, 22(1):61`79, FebrouĹrioc 1997.

[15] V. Caselles, J.M. Morel, G. Sapiro kai A. Tannenbaum. Introduction to the special issue on partial-differential equations and geometry-driven diffusion in image-processing and analysis. IEEE Trans. on Image Processing, 7(3):269`273, MĹrtioc 1998.

[16] F. Catte, P.L. Lions, J.M. Morel kai T. Coll. Image selective smoothing and edge detection by nonlinear diffusion. SIAM Journal Numer. Anal., 29(1):182`193, 1992.

[17] J.L. Chen kai A. Kundu. Unsupervised texture segmentation using multichannel decomposition and hidden markov-models. IEEE Trans. on Image Processing, 4(5):603`619, MĹioc 1995.

[18] Y. Chen, Y. Giga kai S. Goto. Uniqueness and existence of viscosity solutions of generalized mean curvature flow equations. Journal of Diff. Geometry, 33:749, 1991.

[19] D.L. Chopp. Computing minimal surfaces via level set curvature flow.

Journal of Computational Physics, 106:77`91, 1993.

[20] T. Cormen, C. Leiserson kai R. Rivest. Introduction to Algorithms. MIT Press, 1990.

[21] R. Courant kai D. Hilbert. Methods of Mathematical Physics. Wiley, New York, 1953.

[22] M.G. Crandall, H. Ishii kai P. L. Lions. User’s guide to viscosity solutions of second order partial differential equations. Bulletin of the AMS, 27(1):1`67, 1992.

[23] I.S. Duff, J.K. Reid kai A.M. Erisman. Direct methods for sparse matrices. Cambridge University Press, 1986.

[24] G. Evans, J. Blackledge kai P. Yardley. Numerical Methods for Partial Differential Equations. Springer-Verlag, London, 1999.

[25] L.C. Evans kai J. Spruck. Motion of level sets by mean curvature, i. J.

of Diff. Geometry, 33:635, 1991.

[26] D.A. Forsyth kai J. Ponce. Computer Vision: A Modern Approach.

Prentice-Hall, 2003.

[27] MPI Forum. Mpi: a message-passing interface standard. International Journal of Supercomputer Applications and high performance Computing, 8(3/4):159`416, 1994.

[28] S. Geman kai D. Geman. Stochastic relaxation, gibbs distributions, and the bayesian restoration of images. IEEE Trans. on Pattern Analysis and Machine Intelligence, 6(6):721`741, Noèmbrioc 1984.

[29] R. Goldenberg, R. Kimmel, E. Rivlin kai M. Rudzsky. Fast geodesic active contours. IEEE Trans. on Image Processing, 10:1467`1475, 2001.

[30] G.H. Golub kai C. Van Loan. Matrix Computations. John Hopkins Press, 1996.

[31] J. Gomes kai O.D. Faugeras. Reconciling distance functions and level sets. 11(2):209`223, IoÔnioc 2000.

[32] J. Goutsias kai H.J.A.M. Heijmans. Nonlinear multiresolution signal decomposition schemes–part i: Morphological pyramids. IEEE Trans. on Image Processing, 9(11):1862`1876, Noèmbrioc 2000.

[33] M. Grayson. The heat equation shrinks embedded plane curves to round points. Journal of Diff. Geometry, 26:285, 1987.

[34] U. Grenander. General Pattern Theory. Oxford Univ. Press, 1993.

[35] U. Grenander, Y. Chow kai D. M. Keenan. Hands: a pattern theoretic study of biological shapes. Springer-Verlag New York, 1991.

[36] F. Guichard kai J. M. Morel. Partial differential equations and image iterative filtering. Sto The state of the art in numerical analysis, epimelhtèc: I. S. Duff kai G. A. Watson, tìmoc 63, selÐdec 525`562. Oxford University Press, 1997.

[37] W. Hackbusch. Multigrid methods and applications. Springer-Verlag, Berlin, 1985.

[38] H.J.A.M. Heijmans kai J. Goutsias. Nonlinear multiresolution signal decomposition schemes–part ii: Morphological wavelets. IEEE Trans. on Image Processing, 9(11):1897`1913, Noèmbrioc 2000.

[39] B.K.P. Horn kai M.J. Brooks. Shape from Shading. MIT Press, 1989.

[40] B.K.P. Horn kai B.G. Schunck. Determining optical flow. Artificial Intelligence, 17(1-3):185`203, AÔgoustoc 1981.

[41] R.A. Hummel. Representations based on zero-crossings in scale-space.

Sto IEEE Conf. on Computer Vision and Pattern Recognition, selÐdec 204`209, 1986.

[42] F. John. Partial Differential Equations. Springer-Verlag, New York, 1982.

[43] G. Kanizsa. Organization in Vision: Essays on Gestalt Perception. Praeger, New York, 1979.

[44] M. Kass, A.P. Witkin kai D. Terzopoulos. Snakes: Active contour models. Int. Journal of Comp. Vision, 1(4):321`331, IanouĹrioc 1988.

[45] K. Keeler. Map representations and coding-based priors for segmentation. Sto IEEE Conf. on Computer Vision and Pattern Recognition, selÐdec 420`425, 1991.

[46] J.J. Koenderink. The structure of images. Biol. Cybern., 50:363`370, 1984.

[47] K. Koffka. Principles of Gestalt Psychology. Harcourt, Brace and Co, New York, 1935.

[48] I. Laptev kai T. Lindeberg. Tracking of multi-state hand models using particle filtering and a hierarchy of multi-scale image features. Sto Int. Conf. on Scale–Space Theory, selÐdec 63`74, 2001.

[49] P. Maragos. Differential morphology and image-processing. IEEE Trans.

on Image Processing, 5(6):922`937, IoÔnioc 1996.

[50] P. Maragos. Partial differential equations in image analysis: Continuous modeling, discrete processing. Sto Europ. Conf. on Signal Process., 1998.

[51] P. Maragos. Computer Vision. book draft, ver. 2002, NTUA, 2002.

[52] P. Maragos. Algebraic and pde approaches for lattice scale-spaces with global constraints. Int. Journal of Comp. Vision, 52(2-3):121`137, MĹioc 2003.

[53] T. McInerney kai D. Terzopoulos. Topologically adaptable snakes. Sto Int. Conf. on Comp. Vision, selÐdec 840`845, 1995.

[54] D. Mumford kai J. Shah. Optimal approximations by piecewise smooth functions and variational problems. Comm. on Pure and Applied Math., XLII(5):577`685, 1989.

[55] S. Osher kai J. A. Sethian. Fronts propagating with curvature dependent speed: Algorithms based on hamilton-jacobi formulations. Journal of Computational Physics, 79:12`49, 1988.

[56] N. Paragios. Geodesic active regions and level set methods: Contributions and applications in artificial vision. Didaktorikă Diatribă , INRIA, 2000.

[57] N. Paragios kai R. Deriche. Geodesic active contours and level sets for the detection and tracking of moving objects. IEEE Trans. on Pattern Analysis and Machine Intelligence, 22(3):266`280, MĹrtioc 2000.

[58] D. Peng, B. Merriman, S. Osher, H. Zhao kai M. Kang. A pde-based fast local level set method. Journal of Computational Physics, 155:410`438, 1999.

[59] P. Perona kai J. Malik. Scale space and edge detection using anisotropic diffusion. IEEE Trans. on Pattern Analysis and Machine Intelligence, 12(7):629`639, IoÔlioc 1990.

[60] W. Press, S. Teukolsky, W. Vetterling kai B. Flannery. Numerical Recipes. Cambridge University Press, 2h èkdosh, 1992.

[61] R. Richtmeyer kai K. Morton. Difference Methods for Initial Value Problems. Wiley, New York, 2h èkdosh, 1967.

[62] E. Rouy kai A. Tourin. A viscosity solutions approach to shape-from-shading. SIAM Journal Numer. Anal., 29(3):867`884, 1992.

[63] J. W. Ruge kai K. Stueben. Algebraic multigrid. Sto Multigrid Methods, epimelhtăc: S.F. Mc Cormick. SIAM, 1987.

[64] S. Sarkar kai P. Soundararajan. Supervised learning of large perceptual organization: Graph spectral partitioning and learning automata. IEEE Trans. on Pattern Analysis and Machine Intelligence, 22(5):504`525, MĹioc 2000.

[65] J. Serra. Image Analysis and Mathematical Morphology. Academic Press, 1982.

[66] J. A. Sethian. A fast marching level set method for monotonically advancing fronts. Proc. Natl. Acad. Sci. USA, 93:1591`1595, FebrouĹrioc 1996.

[67] J. A. Sethian. Level Set Methods: Evolving Interfaces in Geometry, Fluid Mechanics, Computer Vision, and Materials Science. Cambridge University Press, 2h èkdosh, 1999.

[68] J. Shi kai J. Malik. Normalized cuts and image segmentation. IEEE Trans. on Pattern Analysis and Machine Intelligence, 22(8):888`905, AÔgoustoc 2000.

[69] P. Soundararajan kai S. Sarkar. An in-depth study of graph partitioning measures for perceptual organization. IEEE Trans. on Pattern Analysis and Machine Intelligence, 25(6):642`660, IoÔnioc 2003.

[70] F. K. Sun kai P. Maragos. Experiments on image compression using morphological pyramids. Sto Proc. SPIE Visual Communications and Image Processing IV, epimelhtăc: W.A. Pearlman, tìmoc 1141, selÐdec 1303`1312, Noèmbrioc 1989.

[71] M. Thurston kai A. Rosenfeld. Edge and curve detection for visual scene analysis. IEEE Trans. on Computing, 20(5):562`569, MĹioc 1971.

[72] J.N. Tsitsiklis. Efficient algorithms for globally optimal trajectories.

IEEE Trans. on Automatic Control, 40(9):1528`1538, 1995.

[73] J. Weickert. Anisotropic Diffusion in Image Processing. Teubner-Verlag, 1998.

[74] J. Weickert kai G. Kühne. Fast methods for implicit active contour models. Sto Geometric Level Set Methods in Imaging, Vision and Graphics, epimelhtèc: S. Osher kai N. Paragios. Springer, 2002.

[75] J. Weickert, B.ter Haar Romeny kai M. Viergever. Efficient and reliable schemes for nonlinear diffusion filtering. IEEE Trans. on Image Processing, 7(3):398`410, MĹrtioc 1998.

[76] P. Wesseling. An Introduction to Multigrid Methods. John Wiley Sons, Chichester, 1992.

[77] A.P. Witkin. Scale-space filtering. Sto Int. Joint Conf. on Artificial Intel., selÐdec 1019`1022, 1983.