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ABSTRACT some practical experience or systematic ways in selecting the best
: . f them for certain image applications.
In this paper we use concepts from the lattice-based theory® . . .

bap b y Meanwhile MM was extended using lattice theory [10, 4] to

of morphological operators and fuzzy sets to develop generalized . -
lattice image operators that can be expressed as nonlinear convomore general operators that shared with the standard dilation, ero-

lutions that are suprema or infima of fuzzy intersection or union sion, opening and closmg_only a few _algebrz_mc properties. Qne
norms. Our emphasis (and differences with previous works) is the such fundamental algepralc structure is a pair of er05|on/d|I_at|on
construction of pairs of fuzzy dilation and erosion operators that o]|coerato_rs that ;orrln gadjunctlon This guarantees the formation
form lattice adjunctions. This guarantees that their composition ot openings and closings.

will be a valid algebraic opening or closing. The power butalsothe !N @ previous work [7, 8] some of us used lattice theory to
difficulty in applying these fuzzy operators to image analysis is the develop generalizations of morphological signal/vector operations

large variety of fuzzy norms and the absence of systematic waysfor bfased on fuzzy norms. These operaf[ions were us_ed in fuzzy dy-
in selecting them. Towards this goal, we have performed extensiven@mical systems to represent the mapping between input and ouput
experiments in applying these fuzzy operators to various nonlinear

signals (via nonlinear fuzzy-based convolutions) and the mapping
filtering and image analysis tasks, attempting first to understand theP&tWeen state vectors (via generalized fuzzy-based products of ma-
effect that the type of fuzzy norm and the shape-size of structuring

trices and vectors) as a generalized dilation or erosion acting on
function have on the resulting new image operators. Further, we

signal or vector lattices. In this paper we continue this work and
have developed some new fuzzy edge gradients and optimized theif*P

ply our general theoretical results from [7] to developing useful
usage for edge detection on test problems via a parametric fuzzyonlinear image operators for image analysis. (A work similar to
norm.

our theoretical analysis appeared recently in [2].) First, we discuss

the theoretical development of the new operators. Then, we present

our results from extensive experiments in applying these fuzzy op-
1. INTRODUCTION erators to various nonlinear filtering and detection tasks applied to

Math ical hol MM) and f h soilsection images. The emhasis in our experimental work is to
athematical morphology (MM) and fuzzy sets share many com- understand the effect that the algebraic type of fuzzy norm and the

mon theoretlc_al concepts. A§ an earlle_r examp_le, the use of mln/ma‘)%hape and size of the structuring function have on the resulting new
to extend the intersection/union of ordinary (crisp) sets to fuzzy sets .

. -~ ~image operators. Finally, we present some new fuzzy edge gradi-
[121 has also been us_ed to exFend t_he set-theor_enc morphqloglcaLmS and show how to optimize a parametric fuzzy norm used in a
shrink/expand operations on binary images to min/max filtering on 1D edge detection problem.
graylevel images [9, 3]. While the field of morphological image
analysis was maturing, several researchers developed various other
approaches in using fuzzy logic ideas for extending or generalizing 2. LATTICE OPERATORS USING FUZZY NORMS
the morphological image operations [11, 1]. The main ingredients
of these approaches have been to (1) map the max-plus structuré posetL is any set equipped with a partial orderirg The
of signal dilation to a sug” signal convolution, wher& is some supremum(\/) and infimum(/\) of any subset of_ is its lowest
fuzzy intersection norm, and (2) use duality to map the inf-plus upper bound and greatest lower bound, respectively, induced by the
structure of signal erosion to a ifif* convolution, wherel” is a partial order; both are unique if they exist. The algeffav, A)
dual fuzzy union norm. The main disadvantage of these approachess called acomplete latticaéf the supremum and infimum of any
is that composition of the operators from steps (1) and (2) is not (finite or infinite) collection of its elements exists. An operator
guaranteed to be an algebraic opening or closing. (Openings and) on a complete lattic& is called: increasingif it preserves the
closing are the basic morphological smoothing filters.) Another partial ordering ' < G = ¢(F) < (G)]; idempotent if
difficulty in applying fuzzy-based operators to various image anal- 1> = 1; antiextensive (extensive) if(F) < F (F < (F)).
ysis problems is the huge variety of fuzzy norms and the absence ofAn operatore (0) on a complete semilattice is called arosion
h(dilation) if it distributes over the infimum (supremum) of any
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99 with Grant # 99F\164. It was also partially supported by the IcCS-  E(A; Fi) = A, €(F:). An operator is called aopening(closing)
NTUA basic research program ‘Archimedes’. if it is increasing, antiextensive (extensive) and idempotent. An
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operator pair(e, ) is called anadjunction iff (F) < G <=
F <e(G),VF,G € L.

Given a dilationd, there is a unique erosiah(G) = \/{F :
0(F) < G} such that(e, 9) is adjunction, and vice-versa. Given
an adjunction(, d), it can be shown [4] that: (i)} is a dilation
ande is an erosion. (iiy)¢ is an opening, and is a closing.

In this paper, the signal space is the collectiba= VE of all
images/signal$” : E — V, whereE = R orZ¢,d = 1,2, ...,,
andV = [0, 1]. The value seV, equipped with the usual ordering
< becomes a complete lattice. The signal spaedso becomes a
complete distributive lattice if we define on it the standawdhtwise
partial ordering<, supremumv, and infimuma induced byV. It
has been shown [4] that a p4if, 0) is an adjunction on the image
lattice VE iff for every x,y € E there exists a scalar adjunction
(E2.4,02.4) ONV such that

O(F) () =\ 0zy(F(2)), E(G)(2)= )\ €4:(G(y))

zek y€ek
@

The corresponding three adjoint functions are:

—_ w, w<a

e = {050

- min(w/a,1), a>0

Ea(w,a) = 1, a=0

- 1-[1-w)P—(1-a)?"?, w<a
S = { 1Tl0-wr 0w

The generalized fuzzy openirg and closing( are

B(F) :

If we define an alternative erosion operator by

€' (F)(y) = \U(F(z), H(y — x))

Q(F) = O(E(F)), E(O(F)) (6)

()

whereU(a,b) = 1—T(1 — a,1 —b) is a fuzzy union that is dual
toT, theng’(F) = 1— (1 — F); i.e., this second erosiat is the

In this paper we build generalized image dilations and erosions dual of the first dilatior). Further, the adjoint dilation” of £’ is

by defining the scalar dilations (erosions) , (£..,) via some
fuzzy intersection (union) between the values ofithage signal
F and astructuring functiond. (More details can be found in [7].)
First we define fuzzy norms.

A fuzzy intersection norm, in short &'norm, is a binary oper-
ationT" [0, 1] — [0, 1] that satisfies the following conditions [6]:
For alla,b,c € [0,1]

F1.T(a,1) = a andT'(a,0) = 0 (boundary conditions).
F2.T(a,T(b,c)) = T(T(a,b),c) (associativity).
F3.7(a,b) = T'(b, a) (commutativity).
F4.b < ¢ = T(a,b) < T(a,c) (increasing).
For theT'norm to be a scalar dilation (with respect to any argument)
onV, it must also satisfy:

F5.T is a continuous function.

A fuzzy union norm [6] is a binary operatio/: [0,1] — [0, 1]
that satisfies F2-F5 and a dual boundary condition:

F1.U(a,0) = aandU(a,1) = 1.

Clearly,U is an erosion ofV.

By defining in (1) the scalar dilatior(%t,y via a fuzzyT'norm
betweenF' and H values [7], we can define a generalized image
dilation and erosion by

Py = \/T(F(x),H(y-=2), )
€G)(z) = NEGW),Hy-x) ®)

whereZ represents the adjoint scalar erosi¢as ) in (1) and is
actually the adjoint of the fuzzy'norm:

T(v,a) < w <= v < ZE(w,a) (4)
GivenT we can find its adjoint functio& by
E(w,a) = sup{v € [0,1] : T(v,a) < w} (5)

Three examples df'norms are:

Min: 7i(v,a) = min(v, a)
Product : Ta(v,a) =v-a
Yager : Ts(v,a) =1 — (1 A[(1 —v)? 4 (1 — a)?]*/?), p > 0.
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an operator that is dual of the first erosionPrevious works used

pairs(e’,0) or (€, 5') which are duality pairs but not adjunctions
and hence cannot form openings/closings via compositions.

3. EXPERIMENTS AND EDGE GRADIENTS

In this section we present some experimental results illustrating
the differences between the classical morphological operators and
the generalized operators based on fuZzyorms, emphasizing
the advantages of the parametiimorms. Further, we present
some new edge gradients based on fuzzy operators and focus on
the problem of optimally designing these fuzzy operators.

The first part of the experiments (Rows 1,2) deals with 1D
images. We apply several fuzzy lattice operators basetmmmms
and we compare the outcomes with the morphological operators.
Rows 1 and 2 of Fig. 1 show the outputs of dilation, erosion, opening
and closing operators, first for the morphological type usifg-a
pixel flat structuring element and second for the fuzzy type (2), (3)
and (6) using a parabolic non-flat structuring function

{

with s = 25. The parametes determines the scale, whiteaffects
the shape off. (We usedk = 0.5.) We have experimented
with threeT'norms: the minimum, the product and the Yager. The
paramerp of the YagerT'norm wasp = 2. Forp | 0 the Yager
Tnorm takes the form of the drastimmorm, which is one extreme
of the spectrum of 'norms, whereas fgr — oo it coincides with
the minimumT'norm which is the other extreme of the spectrum.
In general, we have observed that, the fuzzy operators are more
adaptive and track closer the peaks/valleys of the signal than the
corresponding flat morphological operators of the same scale.
The second part of the experiments (Rows 3,4) deals with 2D
images. For all fuzzy operators used in Rows 3,4 we used the
Yager T'norm with parametep = 10 and a conical structuring
function H. In Row 3, Fig. 1(i) shows an original soilsection im-
age and its dilation and erosion first of the morphological type in
Figs.1(j,k) and then of the fuzzy type in Figs. 1(I,m). In both cases
the structuring element hadrax 7-pixel support, being flat in the
morphological case and conical in the fuzzy case. Figure 1(n) in

1- k(n/s)za
0,

n| <s
|n| > s

Hin] = 8)
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Row 4 shows the corresponding fuzzy clos-opening (a smoothing
filter).
The rest of the images in Row 4 deal witige detection

Concluding, the power but also the difficulty in applying the
lattice-based fuzzy operators to image analysis is the huge vari-
ety of fuzzy norms and the absence of some practical experience

Figue 1(o) shows a nonlinear edge-enhancing gradient of the typeor systematic ways in selecting them. In our on-going work we

0(F) — &(F), whered ande are the morphological dilation and
erosion, respectively, of by 3 x 3-pixel flat structuring element.
Figure 1(p) shows the same type of gradient but uses fuzzy dila-
tion and erosion with & x 3-pixel structuring function. In the
continuous case (images defined ®f), if 0.(F) = F & sB
ande,(F) = F © sB are the flat dilation and erosion &t by
multiscale disks B, it is well-known that

lsiig[&(F)(x) —Es(F)(2)]/(25) = [[VF ()] 9)

for a differentiable functio”. We have proven that the same result
holds if we replace the morphological dilation with a multiscale
fuzzy dilation

0:(F)(z) = \/ T(F(z—vy),H(y/s))

llyll<s

(10)

and similarly for the adjoint multiscale fuzzy erosieg. For the
edge gradients, the unit-scale structuring functibqx), |z| < 1,
must be a unimodal symmetric structuring function with a global
maximumH (0) = 1.

Figure 1(q) shows a different type of edge gradient:

FuzzyEdge,,,, (F) = min[0,(F),1 —€,(F)]  (11)

whered, and e, are the same fuzzy dilation and erosion as in
Fig. 1(p) withs = 1. Figure 1(r) shows a similar type of fuzzy
edge gradient as in Fig. 1(q) but the min is replaced with max.

The last two types of edge gradients were inspired by the standard [5]

discrete morphological gradiedt( F') — £(F), but to make the

gradient operator more consistent with fuzzy set theory we replaced

the difference between dilation and erosion with min (or max) of
the dilation and the fuzzy complement of the erosion. As shown in
Row 4 of Fig. 1, these new fuzzy gradient operators have a quite

promising behavior since they yield cleaner and sharper edge peaks|[7]

than the morphological gradient.

In general, having a parameter in theorm offers flexibility
for the fuzzy operator that use it. By tuning this parameter we can
find the optimum solution depending on the type of application,

such as edge detection in the presence of noise or other feature 8]

detection in images with low contrast. The scale (support size)
and the shape of the structuring function are also important factors,
which can influence the behavior of the fuzzy operators. For a 1D

edge detection test problem (see Row 5 of Fig. 1), we have explored

the efficacy of the fuzzy gradients by varying two parameters, the
parametep of the YagerT'norm and the parametey which is the
scale of the parabolic structuring function (8) used. Figure 1(t)
shows the difference-based fuzzy gradient( 10, s = 5) of the

1D test signal in Fig 1(q). By varying ands, on can optimize

the edge detection performance as measured by the peak height of

the fuzzy derivative. Thus, the 3D graph in Fig. 1(u) shows the
peak heights of the difference-based fuzzy gradient of the 1D test
signal in Fig 1(q) for various values pfe [1, 22] ands € [1, 25].
Clearly, for each value gb there is an optimum value af, e.g.,

for p = 6 the optimum wass = 10. There are many optimal
solution pairyp, s), and this illustrates the advantages of having a
parametricI’'norm. Finally, Fig. 1(v) shows the min-based fuzzy
gradient (11) of the 1D test signal; clearly, this yields a sharper
peak.
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are investigating rigorous methods to design these new operators
for various nonlinear filtering and image analysis tasks, such as
edge and peak/valley detection, by optimizing the parametric fuzzy
norms and structuring functions used. In parallel, by experimenting
with the type of fuzzy norm and the shape-size of the structuring
function, itis possible to adapt the new fuzzy operators so that their
performance has many promising aspects compared with the stan-
dard morphological operators. Finally, by combining lattice-based
MM and fuzzy set theory, we can create new operators, like the
fuzzy edge gradients, that extend and improve the capabilities of
the standard morphological operators.

4. REFERENCES

[1] I.BlochandH. Maitre, “Fuzzy mathematical morphologies: a
comparative studyPattern Recognition 280l. 9, pp. 1341—
1387, 1995.

T.Q. Deng and H.J.A.M. Heijmans, “Grey-Scale Morphology
Based on Fuzzy LogicTechnical Repof?NA-R0012, CWI,
Amsterdam, Dec.2000.

[3] V. Goetcherian, “From binary to greytone image processing
using fuzzy logic conceptsRattern Recognition 1p.7-15,
1980.

H. J. A. M. HeijmansMorphological Image Operatoré\ca-
demic Press, Boston, 1994.

(2]

(4]

E. Kerre and M. Nachtegael, "Fuzzy Techniques in Image Pro-
cessing: Techniques and Applications",Studies in Fuzzi-
ness and Soft Computingol. 52, Physica Verlag, 2000.

G. J. Klir and B. Yuanfuzzy Sets and Fuzzy Logic: Theory
and ApplicationsPrentice-Hall, 1995.

(6]

P. Maragos, G. Stamou and S. Tzafestas, "A Lattice Con-
trol Model of Fuzzy Dynamical Systems in State-Space”, in
Mathematical Morphology and Its Application to Image and
Signal Processingl. Goutsias, L. Vincentand D. Bloomberg,
Eds, Kluwer Acad. Publ., Boston, 2000, pp. 61-70.

P. Maragos and S. Tzafestas, “A Lattice Calculus Unifica-
tion of Min—Max Control Systems of the Morphological and
Fuzzy Type”,Proc. Int'l Symp. on Soft Computing in Engi-
neering Applications (SOFTCOM—-9&thens, pp. 247-248,
June 1998.

[9] Y. Nakagawa and A. Rosenfeld, “A note on the use of local
min and max operations in digital picture processingEE
Trans. Syst., Man, CyberrSMC-8, p.632-635, Aug.1978.

J. Serra Ed.Image Analysis and Mathematical Morphology
II: Theoretical AdvancesAcad. Press, NY, 1988.

D. Sinhaand E. R. Dougherty, “Fuzzy mathematical morphol-
ogy”, J. Visual Communication and Image Representation
vol. 3, no. 3, pp. 286-302, 1992.

[12] L. A. Zadeh, “Fuzzy Sets’Information and Contrglvol. 8,
pp. 338-353, 1965.

(10]

(11]

523



8
&

_ FLATDILATION & EROSION + ORIGINAL .
FUZZY MIN DILATION & EROSION + OR\GINAE
&
&

FUZZY PRODUCT DILATION & EROSION + ORIGINAL
FUZZY YAGER DILATION & EROSION + ORIGINAL

FUZZY MIN OPENING & CLOSING + ORIGINAL
FUZZY YAGER OPENING & CLOSING + ORIGINAL

FLAT OPENING & CLOSING + ORIGINAL

FUZZY PRODUCT OPENING & CLOSING + ORIGINAL

FUZZY DERIVATIVE
STEP EDGE FUZZY DERIVATIVE USING MIN

0.5+0.1tanh{20(x-0.5)]

- 2
10 T
1 0o
S (J 05 1(t Tnom Parameter SirEl Scale u 3 05 (Vv

Fig. 1. Rows 1 and 2, left to right: flat, minimum, product, Yager. Row 1: original signal (solid line), dilation (dashed line), erosion (dotted
line). Row 2: closing (dashed line), opening (dotted line). Row 3: (i) original image, (j) morphological dilation, (k) morphological erosion,
(1) fuzzy dilation, (m) fuzzy erosion Row 4: (n) clos-opening, (0) morphological gradient, (p) fuzzy gratlient, (q) fuzzy gradient
min(d, 1—¢€), (r) fuzzy gradientnax(9, 1 —€). Row 5: (s) original step-edge signa) (t) fuzzy derivativd (F) —&(F)]/(2sAz), (u) 3D

graph showing the heights of the derivatives () as the scatel parametep vary, (v) fuzzy derivativémin(d(F),1 — £(F))]/(2sAx).
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