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Abstract

In this paper, we exploremodernmethodsandalgorithmsfrom
fractal/chaoticsystemstheoryfor modelingspeechsignalsin a
multidimensionalphasespaceandextractingcharacteristicin-
variantmeasureslike generalized fractal dimensions andLya-
punov exponents. Suchmeasurescancapturevaluableinforma-
tion for thecharacterisationof themultidimensionalphasespace
- whichiscloserto thetruedynamics- sincethey aresensitiveto
thefrequency with whichtheattractorvisitsdifferentregionsand
therateof exponentialdivergenceof nearbyorbits,respectively.
Furtherwe examinetheclassificationcapabilityof relatednon-
linearfeaturesoverbroadphonemeclasses.Theresultsof these
preliminaryexperimentsindicatethattheinformationcarriedby
thesenovel nonlinearfeaturesetsis importantanduseful.

1. Intr oduction
Therearemultiple theoreticalandexperimentalevidences,e.g.
in [1, 2, 3], for theexistenceof richnonlinearstructurein speech
signals. Motivatedby theseevidences,our on-goingspeech
researchfocuseson the detectionof nonlinearphenomenain
speechdynamicslike turbulence andextractionof relatedin-
formation as acousticsignal featuresfor ASR. In a previous
work [4], the short-time fractal dimsension of speechsounds
wasmeasuredasafeatureto approximatelyquantifythedegree
of turbulencein themandusedto improve phonemerecogni-
tion. Moving a stepfurther, insteadof thequantificationin the
scalar phasespace,in this paperwe extendour work in [5, 6]
on usingconceptsfrom chaosto modelthenonlineardynamics
in speechof the chaotictype and thencomputecharacteristic
invariant measures.Someprevious work in similar directions
canbefoundin [7, 8].

A speechsignalsegmentcanbethoughtof asa1Dprojection
of a vectorfunction appliedto the unknown multidimensional
speechproductionsystem. It is possiblethat this projection
is responsiblefor a loss of information. By a reverseproce-
dureamultidimensionalphasespaceis reconstructedsatisfying
themajorrequirementto bediffeomorphicto theoriginalphase
space,sothatdeterminismanddifferentialinformationof thedy-
namicalsystemarepreserved[9]. Accordingto theembedding
theorem[10], thereconstructedspacecanbeformedby samples
of the original signaldelayedby multiplesof a constanttime
delayanddefinesamotionin a reconstructedmultidimensional
spacethat hasmany commonaspectswith the original phase
space(e.g. fractaldimensionsandLyapunov exponents).Thus,
by studyingtheconstructibledynamicalsystemwecanuncover
usefulinformationabouttheoriginal unknown dynamicalsys-
temprovided that theunfoldingof thedynamicsis successful.
Theparametersthatneedto beset(i.e. embeddingdimension
andtimedelay)canbedeterminedrespectively by useof anon-

linearcorrelationmeasure(i.e. theaveragemutualinformation
of thesignal),andameasurethatquantifieshow muchthemani-
foldsin thephasespacearefolded,dueto projection[10]. In the
unfoldedphasespaceoneshouldmeasureinvariantquantities
of theattractorthatwouldbeconservedfrom theoriginalphase
space.

Theanalysisvia nonlinearmodelsaimsto capturethesein-
variantmeasuresof the speechproductionsystem’s dynamics.
In thisway, weshallgain insighton thephenomenawhich take
effectby quantifyingvariouscharacteristicsof them.Measures
satisfyingour requirementsarethe fractal dimensionsandthe
Lyapunov exponents.Theformercorrespondto thenumberof
active degreesof freedomandtheunderlyingcomplexity (geo-
metricallyand/orprobabilistically).Moreover theanalysiswith
generalizedfractal dimensionsprovides a measurewhich has
thepotentialto detectinhomogeneityof aset,in whichcasethe
setis calledamultifractal. In thiscasethedescriptionof theset
with aclassof generalizeddimensionsis indispensable.On the
contrary, if thesetis homogeneousthenany fractaldimension
out of the classof generalizeddimensionscanwork asa rep-
resentative, but even in this casetheknowledgethat thefractal
dimensionremainsconstantis useful.TheLyapunov exponents
quantifythesensitivity to theinitial conditionsandtherateof ex-
ponentialdivergenceof nearbyorbitsontheattractor. Thus,they
arecomplementaryto thedimensionsasthey carryinformation
closelyrelatedto thedynamicsof thesystem.

In this work the effort wasplacedfirstly on the modeling
andtheanalysisof speechsignalswith methodsthatreflectthe
above two directionsdescribedabove andarecomputationally
efficient. AsapreliminaryASRapplication,wehavealsoexper-
imentedon broadclassphonemeclassificationwith promising
results. Section2 of this papersummarizesthebasicconcepts
for theanalysiswith generalizeddimensionsanda preliminary
classificationof phonemes.The other invariant measure,i.e.
theanalysiswith Lyapunov exponents,is presentedin Section3
followedby classificationexperiments.

2. GeneralizedDimensions
As anattempttowardsamoredetailedcharacterizationof com-
plexity and ‘strangeness’in phonemeattractors,we have ex-
ploredthedirectionof generalizeddimensions(e.g.Renyi hier-
archy). Thedescriptionof aphasespaceviaoneandonlynumber
(e.g.D1 orD2), mightbetoorestrictingto representtheamount
of informationpossiblyresidingin it, asfar asthe underlying
probability densitydistribution is concerned,sinceit might be
morepopulatedin certainregionsthanothers. Although frac-
tal dimensionsof theprobabilistictype(suchasinformationor
correlationdimension)do takeunderconsiderationthevariable
“visitability” of theattractorin differentregions,they still area
globalweightedaverage.
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A measureamongothers[11] that canbe appliedfor the
extensionof theanalysis,is thegeneralizeddimensionfunction
whichdefinesaninfinite classof dimensions,introducedin [12]
(whereanextensive analysiscanbefound). In brief, this is ac-
complishedby an analysisof the genericmomentsof nearest
neighbors’distancesamongrandomlychosenpointson theat-
tractor. More precisely, for a referencepoint x in theattractor
X anda predefinednumberof pointsn, if δ(n) is its nearest’s
neighbordistanceamongthen − 1 others,andP (δ, n) is the
probabilitydistribution of δ, thenthegenericmomentof order
γ of thesedistancesis

〈δγ〉 ≡ Mγ(n) =

∫
∞

0

δ
γ
P (δ, n)dδ.

Since〈δγ〉 is argued[12] to dependon n as∼ n
−

γ
D(γ) , the

dimensionfunctionis definedas:D(γ) = − limn→∞
γ ln n

ln Mγ(n)

whereγ is theparameterthatsuppressesor enhancesdifferentδ
scalesof distances.Sincefor increasingγ the largerdistances
aremoreweightedandvice versa,D(γ) is a monotonicnon-
drecreasingfunction of γ. Among the infinite numberof di-
mensions,onecanfind the Renyi classof dimensionsDq for
q ≥ 0 with which the corespondanceis given by the formula
D[γ = (1 − q)Dq] = Dq. Geometricalythe Dq ’s are the
intersectionof thegraphof theD = D(γ) functionwith a se-
ries of straightlines with slope 1

1−q
(e.g. D0 is the point that

γ = D(γ); D1 is theintersectionwith γ = 0). If D(γ) doesnot
vary for differentγ valuesyields, thenthesetis homogeneous
with constantfractaldimension(D0 = . . . = Dq, q ≥0).

The integral equation of 〈δγ〉 can be rewritten as a
sum for a discrete signal of finite length N : Mγ(n) =
1
N

∑N

i=1 δ
γ
i (n)P (δi, n) wherei is an index for the points of

the dataset. The secondterm in this sumi.e. the probability
densityfunctionP (δ, n) canbecomputedfor anarbitraryscale
δj as the differenceof volumeestimatesbasedon the resolu-
tion of the successive scales[13]. Let {y(k):k = 1, . . . , M}
be a set of uniform randomnumbersof the samedimension-
ality as the data set X, and let us define the membership
function fδj

(k) = 1 if dist(y(k), X) ≤ δj and 0 otherwise
wheredist(y(k), X) = infx∈X ‖y(k) − x‖. Then the Monte
Carlo volumeestimateof a δj-cover of the setX is: A(δj) ≡
1
M

∑M

k=1fδj
(k). Giventheabove,P (δj , N)≈A(δj)−A(δj+1)

is theprobability thatsomepoint hasa nearestneighborat dis-
tanceδ ∈ (δj+1, δj ].

Whenarbitrarysignalsareinvolved,aninfinite(orverylarge
for implementationreasons)amountof datais consideredto be
available(the numberof pointsusedin [12] or [13] areof the
orderof 106). Unfortunatelythis is not thecasefor speechsig-
nals(dueto non-stationarity),especiallyif therehasto besome
physical interpretationof the statethat the speechproduction
systemwas,while generatinga certainphoneme.As far asthe
directcomputationof ageneralizeddimensionbyestimationof a
multidimensionalhistogram(asthemassfunction)isconcerned,
the moreusuallimitations areobserved dueto the insufficient
statisticsof thedatain themultidimensionalbins,asthey tendto
getsparser. Therandomnatureof theapproachdescribedabove,
makesit appealingfor this experimentalapplicationon speech
signals.

Figure2 showsthedimensionfunctionsD = D(γ) for dif-
ferent,arbitraryselected,phonemes(from theTIMIT database).
It can be clearly seenthat in somecasesD(γ) is varying in
the rangeof γ valuesthathasbeencomputed,which might be
differentin eachcase,becauseof, amongothers,thephoneme
length,speaker andallophonedependency. Suchdependence

of the dimensionfunction on γ indicatesnon-homogeneityof
theset. However, therehave beenobservedcasesin which the
dimensionfunctionis notmonotonicand/ornondecreasing(see
Fig. 2 (a)), or casesthat samephonemesutteredeitherby the
samespeaker or not, hadtotally differentprofile of dimension
function. To exploretheexistenceof any classificationcapabil-
ity of themeasuresdescribedabove,certainsimplecharacteris-
tic featureshave beenselectedsuchas: the meanvalueof the
generalizeddimensionfunction,thecoefficientsof a 1stor 2nd
orderpolynomialfit to thegeneralizeddimensionfunction. In
Fig.2 the2D PCAprojectionof this featurevectoris plottedfor
thebroadclassesof stops,unvoicedfricativesandvowelsor un-
voicedfricativesandvowels(in all casesthephonemesareof one
speakerwhoseTIMIT-identityismentioned).In generalwehave
observedsomebasicclustering(greaterfor vowels,lessfor frica-
tives,andevenlessfor stops),althoughthereis somediffusion
amongtheclasses.Stopstendtomix morethantheotherclasses
sothey havebeenomittedin thelasttwoplots.Furtherin orderto
quantifyour observations,we have usedGMM (HTK,16 mix-
tures)for, speaker independent,isolatedbroadclassphoneme
classification,yielding83%correctratefor vowels(V),75%for
fricatives(F)and70%for stops(S)with anoverallcorrectrateof
78%(outof 32616testphonemes). In thesametaskthe12cep-
strumcoefficientsalone(extractedframewiseandthenmapped
by averagingon onefeaturevectorper phoneme,without any
deltas,so asto compareapproximatelyunderthe sameterms)
scoredrespectively 67%(V),48%(F),88%(S)with overall cor-
rect rateof 67%. Concluding,thesepreliminaryexperiments
arepromisingbecausethey provide anefficient way to uncover
sometypesof nonlinearinformationwith goodpotentialfor cat-
egorizationof broadphonemeclasses.
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Figure1: Generalizeddimensionfor:(a)vowels/iy/ (·) andstops
/b/ (/) utteredby thesamespeaker(mrws1);(b) fricatives/v/ (◦),
/z/ (O), and/f/ (×) utteredby mixedspeakers.

3. Lyapunov Exponents
Modeling and Prediction on the ReconstructedAttractor:
The taskof predictinga chaoticsignalthat hasbeenproduced
by a systemwhosedynamicsXn+1 = F [Xn] aredescribedby
a function F , canbe formulatedasfinding a function F̂ that
approximatesF in anoptimalway. Only atimeseriesof output
observationsaregiven,whichcanbeusedto reconstructthesys-
tem’sattractor, wherepredictionis done.Numeroustechniques
have beenproposedfor the purposeof prediction[14]; these
modelsincludeapproximationsbasedonglobalor localpolyno-
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Figure2: The2 principalaxesafterPCA projectionof Dγ relatedfeaturesfor broadphonemeclasses:unvoicedfricatives(.), vowles
(∗) andstops(◦) for: (a)malespeaker(mjsw0),(b)femalespeaker(fdac1).Unvoicedfricatives(.) andvowels(∗) for: (c) malespeaker
(mdab0)and(d) malespeaker (mrjo0).

mialsaswell asapproximationsinspiredfrom machinelearning
suchasradialbasisfunctionnetworks,fuzzy-logicsystemsand
supportvectormachines.Our focushasbeenon facilitatingthe
applicationof themethodsof chaoticsignalanalysisevenwhen
a shorttime seriesis available(ca. 500 samples),which is our
casein speech. Amongstthe modelsthat we tested,the one
that strikesthe bestbalancebetweenmodelcomplexity, train-
ing time andability to capturethe systemdynamicsseemsto
betheTakagi-Sugeno-Kang(TSK) [15] modelwith linearlocal
approximations(TSK-1).

TSK models[15] constitutethe Fuzzy-Logicapproachto
function approximation. In brief, the idea is to partition the
input spaceof the function in M fuzzy sets,i.e. setshaving
no crispborders,to fit a local modelto eachsubdivision of the
input spaceandto expresstheapproximationof thefunctionas

aweightedaverageof localmodels:F (X) =
∑M

i=1 µi(X)li(X)
∑

M
i=1 µi(X)

whereµi measuresthedegreeof membershipof X in thei− th
fuzzy setandli(X) is the local modelof thesystemdynamics
for the i − th fuzzy set. If constantsareusedaslocal models
i.e. li(X) = Bi, themodelis calledaTSK-0 model. If we use
a linearexpressionasa local modeli.e. li(X) = AiX + Bi,
themodelis calledTSK-1.

Thenumberof membershipfunctionsandtheir spreads(if
they areGaussians)haveto bedetermined,aswell asAi, Bi. If
the centersandthe spreadsareknown, the optimalAi andBi

canbecalculatedby thenormalequationsandif Ai andBi are
consideredstable,thecentersandtheσ’scanbelearnedusinga
gradientdescentalgorithm.Weusedavariantof thepopularAN-
FISsystem[16] for FuzzyLogic basedfunctionapproximation,
startingwith arelatively largenumberof membershipfunctions
andusingtheSVD-QR[17] techniquefor eliminationof unnec-
essarymembershipfunctions; for fine-tuninga robust variant
of theback-propagationalgorithm, namelyResilientPropaga-
tion (RPROP)[18], hasbeenused.For detailson Fuzzy-Logic
basedfunctionapproximation,we refertheinterestedreaderto
theabovecitations.

Lyapunov exponents(LEs): LEscanbeusedto character-
izeadynamicalsystem,sincethey areindependentof aparticu-
lar coordinatesystemandembeddingdimension.Divergenceof
nearbyorbitsresultsin a positive LE andconvergenceof orbits
resultsin a negative LE. For a conservative systemthesumof
LEs hasto benegative, so that theorbitsarebounded,while a
chaoticsystemhasat leastonepositive LE. LEs canbecalcu-
latedas[19]: assumeaninitial stateX0 which is perturbedby
∆X to a new oneX ′

0. Thevaluesof thetheir orbitswill differ
by

|X ′

k − Xk|2 = ∆T
XJ

T (X0)··J
T (Xk)·J(Xk)··J(X0)∆X

k = 1, 2, 3 . . .,J(Xn) is the Jacobianof F at Xn and | · |

is the euclidian norm of a vector. We can estimateJ by
using the predictor which approximatesF . The quantity
J(Xk) · · · J(X0)J

T (X0) · · · JT (Xk) when k → ∞ con-
vergesto the Oseledecmatrix OSL of F . The logarithm of
theeigenvaluesof theOseledecmatrix areequalto theLEs of
thesystemwhosedynamicsaredescribedby F . Sincewe usu-
ally donothavethatlongatime-series,weuseanapproximation
of OSL which involvesonly the first k matrixes,from which
wecalculatethesocalledlocal Lyapunov exponents.

A problemthat ariseswhencalculatingthe eigenvaluesof
the Oseledecmatrix is its ill-conditionednaturewhich causes
numericalinaccuracies.Therecursive QR decompositiontech-
niquehasbeenproposed,whichbreakstheprobleminto smaller
ones: the matrix OSL can be viewed as the productof 2m
matrixes,A2m ·A2m−1 · ·A1 eachof which canbeexpressedas
AjQj−1 = QjRj ∀j, Q0 = I whereQj , Rj result from
the QR-decompositionof Aj . Q is an orthogonalmatrix and
R is upperdiagonalwith decreasingdiagonalelements.Thus,
we cansimplify the diagonalizationof OSL as follows [19]:
A2mA2M−1· · ·A1 = Q2mR2mR2m−1· · ·R1. SinceQ2m is
orthogonaltheeigenvaluesof thelastexpressionshallbeequal
to theeigenvaluesof theproductof theR1···2m matrices,sotheir
eigenvaluesshall equalthe elementsof their diagonal. Subse-
quently, the i-th LE canbeexpressedasλi =

∑2k

j=1 log(dji)
wheredji is the i-th elementof the diagonalof Rj . Another
problemwe may encounteris dueto the fact that the embed-
dingdimensionis notnecessarilytheintrinsicdimensionof the
system,but canbe a larger one,which guaranteesthe unfold-
ing of theattractor. As a by-productof theembeddingprocess,
moreLEs thanthe trueonesarecalculatedandthey arecalled
spurious exponents. Onecanresolve this problemby revers-
ing theorderof thedataandcalculatingoncemoretheLEs of
the system. The true onesshouldflip sign, sinceconvergence
of nearbyorbitsnow becomesdivergenceandvice-versa.The
spuriousones,however, areanartifactof theembeddingprocess
andshouldstaynegative,sincethey only representhow therest
of thedimensionsshouldcollapseto theattractorof thesystem,
independentlyof the natureof the system. This methodwas
proposedin [19] andworkswell with cleanandlong datasets;
Oneof our main criteria for choosinga certainpredictorwas
how well this canbedonewith shortandnoisydatasets.

Applications to speechsignals: We want to extract some
meaningfulfeatures(LEs) from thespeechsignalthatcouldbe
usedfor speechanalysis.Vowels have smallpositive exponents
(usuallyonly one)and1-2LEs negativeandverycloseto zero.
Unvoiced fricatives give no validatedexponents;in particular
all the direct and inverseexponentsare negative (henceno
exponentsarevalidated). This is a consequenceof the highly
noisy nature of unvoiced fricatives.Validated exponents of
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Figure3: DirectandinverseLyapunov exponentsof avowel, anunvoicedstopsound,avoicedandanunvoicedfricative.

x :Vowel,  o :Unvoiced Fric. x :Unvoiced Fric.,  o :Voiced Fric. x :Unvoiced Fric.,  o :Unvoiced Stop x :Vowel,  o :Voiced Stop

Figure4: Oneexcellent,onegood,oneaverageandonebadclassseparationusingonlyLEs( The2principalcomponentsof theL.E.data
areplotted).

voiced fricatives areusuallyhigherthanthoseof vowelswhich
is somehow expected, since fricatives are less predictable
thanvowels. However, it happensusually that a strongnoise
componentin the signal causesnone of its exponentsto be
validated. Stop sounds were found to be vaguely separated
in two clusters: namelyunvoiced/voiced. For the first group
it was impossibleto find any validatedexponents,while the
exponentsof the secondgroup were validated some of the
times. However, really short and non-stationarytime series
correspondto stopsoundsandit is thereforenot safeto draw
any conclusionsaboutthedynamicsof thesystembasedon the
LEs;they still canbeuseful,howeverfor classification.Thefact
that no LEs arevalidatedmay prove to be useful information
since this distinguishesstop soundsand unvoiced fricatives
from vowelsandvoicedfricatives. Separationof thephoneme
classesis possiblein somecasesby using the first threeLEs
of phonemes,ascanbeseenin Fig.3. Theseparationis almost
perfectfor vowels/unvoicedfricatives,but it is not alwaysthat
successful.

ClassificationExperiments: In ordertosomehow quantify
theusefulnessof LEs we useda directedacyclic graph(DAG)
classifierthatusesa K-NN classifierto distinguishbetweenev-
ery pair of classes,giving a voteto thewinning classfor every
comparison.The classthat getsthe mostvotesis considered
to be the classthat the phonemebelongsto. This architecture
allowsusto usetheLEs only for thecomparisonbetweenthose
classesfor which they mayhaveapositivecontributione.g. for
thecomparisonbetweenvowelsandunvoicedfricatives.Using
only the first threeLEs computedwith the TSK-1 model we
achieveda 62%l-o-o (leave oneout) correctclassificationrate
for phonemesthathave morethan400samplesand55%when
norestrictiononthephonemesizewasused,whichis still much
larger thanthe percentagecorrespondingto randomchoiceof
oneclass(20%). This testifiesthat LEs canserve asa useful
featurefor speechanalysis.Using12Mel-Frequency Cepstrum
Coefficients(MFCC) for thesamepurposeyieldeda 78%cor-
rectclassification.By combiningtheMFCC componentswith
thefirst 3 LEs for thecasesthey werefoundto beusefulwegot
an81%correctclassificationrate.
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