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Abstract—This paper introduces the class of min—max classifiers. These are binary-valued functions that
can be used as pattern classifiers of both real-valued and binary-valued feature vectors. They are also
lattice-theoretic generalization of Boolean functions and are also related to feed-forward neural networks
and morphological signal operators.

We studied supervised learning of these classifiers under the Probably Approximately Correct (PAC)
model proposed by Valiant. Several subclasses of thresholded min—max functions are shown to be learnable,
generalizing the learnability results for the corresponding classes of Boolean functions.

We also propose a LMS algorithm for the practical training of these pattern classifiers. Experimental
results using the LMS algorithm for handwritten character recognition are promising. For example, in our
experiments the min—max classifiers were able to achieve error rates that are comparable or better than
those generated using neural networks. The major advantage of min—max classifiers compared to neural

networks is their simplicity and the faster convergence of their training algorithm.

Pattern classification
Character recognition

Machine learning

1. INTRODUCTION

There is much interest in the field of pattern recognition
on trainable pattern classifiers, as seen, for example, in
the growth in the area of neural networks. Parallel to
this development, in the field of machine learning there
have been many theoretical advances on distribution-
free learning of Boolean functions. This learning frame-
work is known as the probably approximately correct
(PAC) model, pioneered by Valiant) and further dev-
eloped by him and other researchers. There is already
a wealth of literature about the PAC learning model;
examples include Valiant,''*? Blumer et al.,®%
Haussler,” Kearns et al.® Kearns,”” Rivest® and
Schapire.®® Most of the results in PAC learning deal
with Boolean functions. If such functions are used as
(Boolean) pattern classifiers, then the input features
must be binary-valued. Although this may be sufficient
for classifying high-level predicate-like features, most
of the pattern recognition applications, such as com-
puter speech and object recognition, involve real-valued
feature vectors.

*This research was supported by the National Science
Foundation under Grant MIPS-86-58150 with matching
funds from Xerox, and in part by the ARO Grant DAALO3-
86-K-0171 to the Brown-Harvard-MIT Center for Intelligent
Control Systems.

1 The authors were with the Division of Applied Sciences
at Harvard University when this research was done.

Mathematical morphology

Image processing

In this paper, we present the class of min—max classi-
fiers| and study methods of their automatic design.
These classifiers can accept as inputs both real-valued
and binary-valued feature vectors. Each input variable
to these functions is in the range [0, 1], in contrast to
{0, 1} for the Boolean classifiers. Moreover, these min—
max classifiers are natural generalizations of the Boolean
functions, because they are based on MIN/MAX oper-
ations which are the lattice-theoretic counterparts of
Boolean AND/OR operations on real numbers. There-
fore, the learnability results on min—max classifiers we
present in this paper generalize the Boolean counter-
parts expounded in previous works.

Another motivation for working with the min-max
classifiers is their close relation to a large class of
nonlinear signal/image operators known as morpho-
logical filters, which are defined via min—max opera-
tions on their inputs. As discussed in Serral’® and
Maragos and Schafer,* ) these min—max morphologi-
cal operators can be applied to a broad variety of
feature extraction and shape analysis/detection tasks
inimages or arbitrary geometrical objects. Hence, learn-
ing of the min—max classifiers provides an ability for
automated training of the above feature extraction and
shape analysis/detection signal operators.

[l We shall use the terminologies “min—max classifier” and
“thresholded min—max function” interchangeably.
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In this paper we show that three subclasses of thre-
sholded min—max functions are learnable in the PAC
model. We achieved these results by providing both
polynomial bounds on the number of training samples
and devising polynomial time learning algorithms. The
subclasses are direct generalizations of the Boolean
positive term, positive clause, and k-DNF functions.
This last subclass of min—max classifiers is the most
interesting sinee it is related to morphological filters
which are maximum of minimum over a local moving
window.

Besides the theoretical learnability results, we also
propose a Least Mean Square (LMS) algorithm for
actual design of min—max classifiers. Salembier!!? used
an LMS algorithm to train morphological filters that
are defined via min—-max operations. We adapted his
approach to the design of min—max classifiers and also
improved it by refining the computation of the partial
derivatives involved. The improvement translates to
lower training error rate. We then applied the LMS
algorithm to the problem of handwritten character
recognition. Our simulations show that min—max clas-
sifiers are desirable alternatives to more traditional
classifiers such as feed-forward neural networks. Their
main advantages are simplicity and generally faster
convergence of the training algorithm.

This paper is organized as follows: in Section 2, we
define the min—-max functions and their thresholded
counterparts. A discussion of their relations with other
classifiers is included. We also investigate aspects of
their representation power using techniques from ma-
thematical morphology. The PAC learnability results
are presented in Section 3, where we show that several
subclasses of threshold min—max functions are learn-
able under the PAC learning model. Then in Section
4 we turn to practical training of thresholded min—max
functions using the LMS algorithm. The final section
(Section 5) describes the application of the LMS algo-
rithm to handwritten character recognition, which con-
tains a discussion of the feature extraction procedures
and the experimental results.

2. MIN-MAX FUNCTIONS

Here we start from general definitions about min—
max functions and then use tools from mathematical
morphology to explore some of their properties and
relations to Boolean functions and perceptrons.

2.1. Definitions

A Boolean function B(b), b = (bs, .. . b)e{0,1}%,in
disjunctive normal form (DNF) is a finite disjunction
(i.e., Boolean OR) of terms. A term is a conjunction (i.e.,
Boolean AND) of literals. A literal is either a Boolean
variable b;e {0, 1} or its complement &, To generate a
min—max function from a DNF Boolean function, we
replace the uncomplemented Boolean inputs b; with
real-valued variables x;e[0,1], complemented vari-

P.-F. YANG and P. MARAGOS

ables b; with real complements x; =Y - x;, and the Boo-
lean AND/OR with MIN/MAX (denoted by A /v ).*

Formally, let X = (x4, x5, ..., x,) be a real-valued vec-
tor in the d-dimensional unit cube [0, 1] We define a
min—max function f:[0, 19— [0, 1] with input X as the
function

ey, Xg,x )=V AL Le{x,1—x} (1)
Jj ielj

where an arguement /; is called a literal, equal either
to a variable x; or its complement x. Each minimum
function A [; is called a min term. Each I; denotes
the set of coordinates of the input vector X that appear
in the argument of the j-th min term. The size of a min
term is the number of literals in the minimum function.
The maximum V ; has a finite number of terms. Thus,
a min—max function is a finite maximum of min terms.
Note that the restriction of a min—max function on the
finite discrete space {0, 1}? is a Boolean function.

A Boolean function Bis called monotone (or positive)
if B(@) < B(b) whenever @ < b, where @ < b means
a; < b; for all i. Gilbert!® showed that B is monotone
if and only if all its variables appear uncomplemented.
Similarly we call a function g:[0, 1]¢ — [0, 1] monotone
if

X <Y=g(x)<g(y), VX¥ 2)
It can be shown that a min—max function is monotone
if and only if it admits an expression that does not
contain any complemented variables.

To use a min—max function f as a classifier perform-
ing binary decisions we need to threshold f at some
arbitrary value 0e[0,1]. This creates a thresholded
min—max function (min—max classifier) f,:[0,1]*—{0,1}
defined by

1 if f(X)>0,

0 otherwise.

fo(X)=PLf(X)= 0] ={

P(-) is called the predicate function. An example of a
thresholded min-max function is P{((x; A x,) v (x, A
(1 —x3) A x5))>0.6}. Tt is generalized from the
Boolean function (b, by + b, b;-bs). The min term
(x1 A Xx4) is size two while (x, A (1 — x3) A x5) is size
three. In the second min term, the variable x5 is com-
plemented. Note that there are an infinite number of
thresholded min—max functions corresponding to a
Boolean function. This is due to the freedom in the
choice of the threshold value 0, which in our work will
be a free parameter to be learned. A thresholded min—
max function is monotone if its corresponding min—
max function is monotone.

Exchanging the roles of AND and OR in a DNF
Boolean function transforms the latter into a conjunc-

*In this paper, Boolean AND is denoted by the product
symbol “°; which may be left out occasionally. The Boolean
OR is denoted by ‘+°. The symbol v and A are defined as
V perX, =max,{x,} and A, x,=min,{x,} if the index set I
is finite; if I is infinite, then the max and min should be
replaced by supremum and infimum, respectively.
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tive normal form (CNF). Similarly, exchanging the
roles of MIN and MAX in a (thresholded) min—-max
function will yield a (thresholded) max-min function,
i.e., a (thresholded) minimum of maxima. Due to the
straightforward duality relationships between these
two latter function classes, in this paper we focus on
functions in the min—max form.

An input vector is classified as a positive or negative
instance of a thresholded min-max function ¢(X) ac-
cordingly to whether the output of ¢(X) is 1 or 0,
respectively. We shall also refer to this classification

process as the labeling of the input vector X by ¢(X')
and call general 0-1-valued functions classifier func-
tions to emphasize the possibility of their use as pat-
tern classifiers. In the setting of our learning model,
classifier functions are also referred to as concept func-
tions, or simply concepts. We shall use the latter name
more often in the rest of the paper. A collection of
concepts is called a concept class, which is usually
denoted by #. The set of all thresholded min-max

functions with d variables is denoted by €%;,_uax-

2.2. Morphological representations and relations to
Boolean functions

Here we establish some relationships between (thre-
sholded) min-max functions and Boolean functions
using concepts from morphological filtering as dis-
cussed in Maragos and Schafer.!* First note the fol-
lowing three useful properties of thresholding, which
can be easily proven. The minimum and maximum
functions obey a threshold homomorphism property:

Pxny=8)=P(xz=0)A P(y=6)

=P(x>0)-P(y=0), 4)
Pixvy=0)=P(x=6)v P(y=0)
=P(x=0)+P(y=0). (5)

In addition, we have the threshold reconstruction prop-
erty:
1

x= [P(x>6)df, Vxe[0,1] (6)
)

From (1), (3) and the above properties it follows that
)=V A P(;=0),

j iel;

he{x,1—x;}

™

Thus, a thresholded min-max function is equal to the
disjunction of terms containing Boolean variables
formed by thresholding the input coordinates x; or
their complements. Turning to the thresholding of a
complemented variable,

P(x>0)=P(1—x>0=P(x<1—6. (8

Jolx1s %3,

The thresholding of x'=1—x is not equal to the
Boolean complement P(x > 8)= P(x < 6) in general.
However, this particular definition of x’' remains a
reasonable choice because it is identical to the Boolean
complement if x takes on only 0, 1 values. It also pre-
serves the range of the variable; ie., xe[0,1]=x'e[0, 1].

To understand the behavior of the thresholded
min—max function, it is helpful to consider its geome-
trical properties. The simplest form of such functions
is the thresholding of a single minimum or a single
maximum. The decision regions of these for the special
case of d =2 is shown in Fig. 1.

The positive region for the thresholded minimum
function is the axes-parallel square whose sides inter-
sect the axes at € (the threshold) and with one vertex at
(1, 1), while that of the thresholded maximum function
is an L-shaped region formed by deleting the square
in the lower left hand corner of the domain [0, 1].?
These conclusions were drawn using the thresholded
homomorphism properties [equations (4) and (5)]. For

0 0 1 X

0 0

1 X

Fig. 1. In the special case of d = 2, the positive regions of the thresholded minimum function (shaded area
in left figure) takes the form of an axes-parallel square with one vertex at (1, 1); while that of a thresholded
maximum function (right) is an L-shaped region formed by cutting out the unshaded square.
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example, the positive region of P(x A y> 0) is equal
to {x=0}n{y>8} (set intersection because of the
Boolean AND). For arbitrary dimensions, the positive
region of the thresholded minimum function becomes
a d-dimensional cube with one vertex at (1,...,1). As
for the maximum function, the negative region be-
comes a d-dimensional cube near the origin. We re-
mark that this is related to the axes-parallel rectangles
described in Blumer et al.*¥» However, the axes-parallel
rectangles cannot be represented using thresholded
min-max functions, which is the primary interest in
this work.

Next we present a result that indicates the repre-
sentation power of monotone min—max functions. Some
definitions are needed first: Consider arbitrary func-
tions f:[0,1]¢— [0, 1] that are consistent generaliza-
tions of Boolean functions, i.e., their value is binary
whenever the input vector is binary; formally

f(Xee{0,1}, VOe[0,1] 9

where X,e{0,1}? is a thresholded (and hence binary)
input vector:

¥p= (X105 Xa0) S(P(xy 2 0),... . P(x; 2 6) (10)
We also say that f commutes with thresholding if

fo(X)=f(X), VX,0 (11)

Commuting with thresholding is an important prop-
erty since it implies that the Boolean function f(X,)
obtained from f by thresholding the input vector at
any 0 (and hence restricting f on the finite discrete
space {0, 1}%) gives identical values with thresholding
the real-valued output of f at 6. It will be shown in the
following theorem that if f commutes with threshold-
ing, then it is monotone. Further, this theorem estab-
lishes that functions that commute with thresholding
can be represented by monotone min—max functions.

Theorem 1. Let f:[0,17°—[0,1] be a function that
obeys property (9). Then f commutes with threshold-
ing if and only if it is monotone min—max function, or
equivalently if and only if is a min—max function with-
out any complemented variables.

Proof. Let fcommute with thresholding. Consider bi-
nary vectors @ < b € {0, 1}°. We can always find some
real vector X such that 4 =X, and b= Xy, with
6, > 0,. Then, if B is the Boolean function correspond-
ing to f, sine f(X,) = B(X,) for each 0, we have

B(@) = f(%,) = f0,(¥) < f0,(X) = [ (Xg,) = B(B)
(12)

Hence B is monotone. Since the monotone B admits a
DNF expression as a unique irreducible OR of posi-
tion AND terms, it follows from (6) that:

1

f(X)=[fo(x)d0 = gf(fs) do

={V A P(x;>0)d0
i iel;

i

Oy D

i

1
v jP( A x,-20>d0
J o

iely

1
VA fPx=0d0=V A Xx

J ielj o Jj ielj

Hence f is equal to a min—max function. Further f is

monotone because its min—-max representation con-

tains no complements. Conversely, let f be a mono-

tone min—max function. Then

fE)=V A x=f(X)=V A P(x;20)=f(X)
Jjoiel; j ielj

(13)

This follows by direct substitution and applying thres-
hold homomorphism twice. Hence f commutes with
thresholding, which completes the proof. O

The essence of the above theorem is that any mono-
tone real-input real-output function that yields a bi-
nary output whenever the input vector is binary and
commutes with thresholding can be represented as a
min-max function (with no complements). Conver-
sely, the class of thresholded monotone min—max func-
tions is almost isomorphic to Boolean functions, ex-
cept for the generally unknown parameter 0 which is
to be learned.

2.3. Relations to other classifiers

Beside the Boolean classifiers, another class of clas-
sifiers the thresholded min—-max functions are related
to three layer perceptrons. The link is provided by
the thresholded homomorphism properties (4) and (5).
We demonstrate this using an example. Consider the
thresholded min—max function

P(x, v (x5 A x4) = 0) (14)

Applying first (5) and then (4), we derive an equivalent
function

P(x, = 0) + (P(xy > 0)- P(x5 = 0)).
Finally, we use (8) to arrive at the desired form

P(x, = 0) + (P(x; < 1—0)-P(x; 2 60). (15

Observe that each predicate function in the above
expression is the thresholding of a single variable,
which can be implemented using a single layer percep-
tron. The Boolean conjunctions and disjunctions can
also be implemented using single layer perceptrons.
Therefore the original thresholded min—max function
in (14) can be implemented using a three-layer percep-
tron. It is easy to see that any thresholded min-max
function can be implemented using a three layer per-
ceptron because the thresholded min—-max function is
formed by the composition of several minima and a
maximum. It is not true that any three layer perceptron
can be expressed as a thresholded min—max function.
To see the reason, one simply has to look at (15). The
first layer of perceptrons have the form P(l; > 0). Their
decision regions are parallel to the coordinate axes.
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Since the second and third layers are Boolean AND
and OR respectively, the positive region of the cas-
caded structure should have boundaries parallel to the
axes. For a general three-layer perceptron, this condi-
tion is not necessarily true. Therefore, €%;, .. is a
subclass of the class of general three layer perceptrons.

Another type of classifier that is related to threshol-
ded min—max functions are the axes-parallel rectan-
gles described in Blumer et al. However, they did not
address the algebraic representation of axes-parallel
regions using min—max functions. Finally, in reference
(15) the authors mentioned decision trees that have
axes-parallel decision nodes. It is obvious that the
min—max classifiers can be constructed using them.

The structure of a min—max classifier can be envi-
sioned as a feed forward network (See Fig. 2), the first
layer consisting of minimum functions, the second a
maximum and the third a thresholding. Networks with
nodes as rank order operators have appeared in the
literature previously. For example, Palmieri‘' 617 con-
sidered networks with nodes that output the sorted
values of their inputs, and trained the multiplicative
weights connecting the successive layers. In our work,
we train the subsets of vector components on which
the nonlinear elements operate. Wilson'® also used
networks of “weighted rank order”, which replaced the
rank ordering of the inputs by ordering of them with
additive weights. Training of his network is equivalent
to finding these additive weights.

3. PACLEARNING

The PAC model is an attempt at formalizing the
study of machine learning. It was proposed by Valiant
in reference (1), and since then there is much theoretical
development related to PAC (for example, see the
references at the beginning of Section 1). Attractive
features of PAC include its emphasis on efficient algo-
rithms and the lack of assumption on the probability
distribution of the feature space. In this section,
we shall show that the following three subclasses of
6 1nmax are learnable under the PAC model.

Thresholded monotone minimum functions. A threshol-
ded monotone minimum function has the general
form: P(A ;.1x; > 60), where I is the set of coordinate
indices of the input vector. This class of functions is
denoted by the symbol %4,

Thresholded monotone maximum functions. These
functions are dual forms of the thresholded mini-
mum fanctions. The general form is P(V ;. x; > 0),
where I is again the set of coordinate indices of the
input vector. The collection of all thresholded mono-
tone maximum functions is denoted by the symbol
G e

Thresholded k-min—max functions. They are threshold-
ed min—max functions with the restriction on the
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size of each min term to be < k. The class is denoted
by the symbol €Y ,.n max-

These classes of functions are generalizations of the
Boolean positive term, positive clause, and k-DNF
functions, respectively.

3.1. Background

We now present some of the key ideas and results
from PAC learning theory. For a more detailed de-
scription we refer the reader to, for example, Valiant,'
Kearns” and Rivest.®

One of the assumptions in PAC is the consistency of
the training data, which stipulates the following sce-
nario for the generation of the training data: each time
the learning algorithm requests a training example
from an oracle, the latter outputs a vector X which is
selected from the domain using an unknown prob-
ability measure; together with this it outputs #(X)
which is the value of the unknown target concept. In
addition it is assumed that ¢() belongs to the concept
class €. The goal in the PAC model is to construct a
learning algorithm that inputs these samples of the
target function (i.e. supervised learning), and outputs
a concept function [the hypothesis h()] with small
discrepancies from () [true error rate ¢(h)]. One
possibility is to estimate the error rate from the se-
quence of training data. The estimate is called the
empirical error rate [E(h)]. Since the empirical error
rate of the target concept must be equal to zero, one
strategy for constructing learning algorithms is to
return any concept A(X') that has a zero empirical error
rate. This type of algorithm is called consistent algorithm.
In case the algorithm runs in polynomial time (in the
number of training data), it has a special name: poly-
hy-fi (for polynomial hypothesis finder). The following
proposition shows that by using enough data, any
consistent algorithm can be used as learning algorithm
for % while meeting the PAC requirement.

Proposition 1. [Blumer et al.“] Let % be a nontrivial,
well-behaved* concept class. If the Vapnik—Chervo-
nenkis dimension of € is VC(¥) < oo, then for 0 <,
d < 1, and training sample size at least

4 2 8VC(¥) 13
max| -log, -, ——log, — |,
g S £ €

then with probability >1— 4, any consistent algo-
rithm will return a hypothesis A(X) with true error rate
(hy<e

The Vapnik—Chervonenkis (V' C) dimension of a con-
cept class € is the size of the largest finite subset S of
the domain X which can be labeled in all possible ways

(16)

* A concept class is trivial if it has only one concept or it
has two disjoint concepts such that ¢, uc, = X. The well-
behavedness conditions are some measurability conditions
on the functions, it is detailed in Appendix A of Blumer
et al®
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using concepts in € (S is then said to be shattered by
). A formal definition of this parameter is discussed
in the same paper by Blumer et al.) From (16), the
number of training data required is polynomial in d,
1/e, and 1/6 if the V'C dimension is polynomial in the
dimension d. Hence, using this technique, the proof of
learnability of ¥ can be divided into two steps:

(1) show that the V' C dimension of % is polynomial
in d;

(2) find a poly-hy-fi for ¥.
We follow this approach in this paper to show the
learnability of the classes €%, €%ax and G1_ i max-

3.2. Learnability of thresholded monotone minimum
functions

It turns out the learnability of €, and €§_ ,.in max

depend on that of the thresholded monotone mini-
mum functions. Therefore in this section we shall first
discuss the results for €%, in more detail. The theor-
ems are motivated by the geometry of the thresholded
monotone minimum function which we discussed in
Section 2.2.

3.2.1. VC-dimension of the thresholded monotone
minimum functions. In this section, we show that
VC(#%4,,) = d by providing upper and lower bound of
VC(€ min)-

To find the upper bound, we shall prove that no sets
of >d elements in [0, 1]¢ can be shattered by €2, In
other words, if |S| > d, then we cannot label the mem-
bers of S in all 215! possible ways by using solely thres-
holded monotone minimum functions. This result de-
pends on Lemma 1, which restricts the possible choices
of S that can be shattered by €%, Throughout this
paper, we use the symbol x; to denote the k-th co-
ordinate of a general vector X.

Lemma 1. Let S be a set of points in [0, 1]%

VyeS,3c()eFl,, such that {F7} is labeled negative
and S\ {¥} is labeled positive

if and only if

V¥ eS,Jacoordinateindex ksuchthaty, < A wy

WeS\(3)
Proof. <=: Assuming the second condition holds, we only
have to demonstrate |S| thresholded minimum func-
tions that perform the |S| partitionings as specified. For
each point y €S, one possibility is:

P( A x; = 9)
ie{k}

where 0 =1{ A __ 5: %) + wi}
=:Consider the point y. If yis labeled negative by
some monotone thresholded minimum function
P( A iyx; = 0) while S\ {7} is labeled positive, we must
have the following inequalities:

ANy <0< A w;

iel WeS\{Fhiel
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Suppose yx = A jery; then,

= Ay <0< A w,< A wy
iel weS\{x}.iel weS\ (%}
which proves the required condition. O

Using this lemma, we can show that no sets of
size > d can be shattered. This fact relies on a proof by
contradiction presented in Theorem 2.

Theorem 2. No set of m>d + 1 points in [0,1]? can
be shattered by €%, i.e. VC(€%;,) < d.

Proof. Let S be a set of m>d+ 1 points in the d-
dimensional unit hypercube. Suppose the set can be
shattered, there must be m concept functions, each
labeling only one of the m points negative.

Since m>d + 1, and each of the point in S must
satisfy the condition stated in Lemma 1, there must be
two distinct vectors X,y €S and a coordinate axis k
such that

x < A
WeS\(F

Wi < )y

The first inequality follows from Lemma 1 while the
second is a consequence of ¥ €S\ {X }. By exchanging
the role of X and ¥ in the above derivation, we get both
X, < y; and y, < x;, a contradiction. O

Turning to the lower bound, we construct sets of d
elements in [0, 1]¢ that can be shattered by €2,

Theorem 3. There exists a set of d points in [0, 1]¢ that
is shattered by €%, i.e. VC(%4,,) = d.

Proof. The following set is shattered by ;.

§={x%,...,x%
3 s

X l® if i#k,
Loifi=k

where x| denotes the k-th coordinate of the i-th vector
in S. In fact, to label only {x/|jeT}, T<({l,....d}

negative, use
1
P< /\ X; > 2>
jeT

To label all of them positive, use

d
P< A sz§>
i=1

It follows immediately from Theorems 2 and 3 that the
VC dimension of €4, is d.

3.3. Poly-hy-fi for €4,

The symbols used in this section are listed below:

[X (n), [(n)] = a training sample, with X'(n) being the
input vector and I(n) the label,
(¥ *,1) = a general positive training data,
(X ~,0) = a general negative training data,
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x,.(n) = the c-th coordinate of the vector X (n)
x. = the c-th coordinate of the vector X *,
x. = the ¢-th coordinate of the vector X ~

N = total number of training data,

»

Under the PAC learning model, the labels are assumed
to be generated by a target function in the concept
class, ie. I(n) = t[X(n) ], t) €€ %

In the first step of the algorithm, d threshold esti-
mates 6§, 1 <!<d are produced. The I-th estimate is
calculated by taking the minimum of the /-th coordi-
nate of all the positive training vectors. Since all the
positive training data are labeled positive by the un-
known target function ¢(X) = P( A ;.;x; > 0), the value
A le,él is a good estimate for the actual threshold 6.
The immediate question is how to find the coordinate
indices I.

In the second step, the algorithm uses these d esti-
mates to generate d thresholded monotone minimum
functions 4,(X) = P( A jer,x; = 8)). The coordinate list
I, is initialized to be {1, ..., d} for all values of I. Denote
# ={I;:1<I<d}. Then, the algorithm eliminates
from I, all coordinates ¢ such that 3% *,x,” < 0,. The
rationale for this step comes from the threshold homo-
morphism property [equation (4)]

P( ig\h X; = 01> = g P(x; > 6,).
If there is an index cel, such that x;* < 0, the positive
data will be labeled negative. Therefore, the variable ¢
should be removed from I, If an I, becomes empty
after this step, it is removed .# and therefore the corre-
sponding concept k, is removed from further consider-
ation.

In the final step, k() is eliminated if it is inconsistent
with any negative training data. Therefore, the remain-
ing thresholded monotone minimum functions are
consistent with all the training data. One of them is re-
turned as the hypothesis.

Before we present the correctness proof, we shall
show that the algorithm is indeed polynomial time. We
assume that comparison requires unit time. The first
step takes at most Nd comparisons (there are at most
N positive training data, each one requires d compar-
isons). The next one requires at most Nd? comparisons
(there are at most d indices lists I, and each generates
at most d comparisons for each positive training data.)
The final one also takes Nd? comparisons with the
same reasoning. Total number of comparisons is

Nd? 4+ Nd? + Nd = O(Nd>2),

which is polynomial in the number of training data and
the dimension d. Since N is polynomial in d, 1/¢ and
1/6, this consistent hypothesis runs in time polynomial
in these variables too. Therefore, the PAC condition
is met.

Theorem 4 asserts the correctness of the algorithm.

Theorem 4. The algorithm presented in this section
always returns a thresholded monotone minimum func-
tion that is consistent with all the training data.
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Proof. Tt is obvious that the hypothesis returned by
this algorithm is consistent with all the training data.
We only have to show that after the last step, .# is not
empty.

Suppose the target function has the functional form

t(J_c’)-——P( A x,-_>_0>.

In the first step, one of the estimates §, must be equal to
0= A Axit= /\(/\xﬁ): A B,
Xt el iel X iel

Denote the coordinate list corresponding to this thres-
hold value as I. After the second step I is not empty,
and will not be climinated from .#. Moreover, the
variables present in I are not removed, i.e. I I. This
fact is easy to show using the definition of 6. Finally,
I'is not removed from .# in the last step. To show this,
observe that

=6

and hence for any negative training data X ~ thereis a
coordinate ce[ such that

xT<0<f

because the X ~ must be labeled negative by the target
concept. Using the fact that I = I, it is obvious that the
hypothesis corresponding to 4, I must be labeled nega-
tive for any negative training data. |

It is important to note that we have not assumed the
independence of the input variables {x,,...,x,}. They
can in fact be functions of each other. The only as-
sumption made is that the target function takes the
form of a thresholded monotone minimum function in
these variables. This observation is important especi-
ally in Section 3.5, where the input variables for the
poly-hy-fi are functionally related.

3.4. Learnability of thresholded monotone maximum
functions

All the results in the previous section can be trans-
cribed to apply to #%,. by using the duality relation
between thresholded monotone maximum and thre-
sholded monotone minimum functions:

P(/\(l—x,-)>1—0>= P(\/x,-<0>
iel iel

= P( .vI X = 0>. (17

The first equality is derived from the relation v ;x; =
1 — A (1 — x;). The leftmost function resembles a com-
plemented thresholded monotone minimum function
of complemented inputs, with the exception of the
definition of the thresholding (> 6 instead of > 0). It
is easy to show that the results in Section 3.2 for
P(A x;>0) also hold for P(A;x;>0) upon the re-
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placement of > by >. Therefore to convert the results
for €2, to apply to €4,,., we use the following substitu-

tions:

e Replace minimum by maximum and vice versa;
e Replace “positive” by “negative” and vice versa.
e Replace inputs with complemented values.

In the following, we provide a summary of the theoreti-
cal results for €4,,. The proofs are omitted and we
refer the reader to Yang and Maragos'?® for details.

Lemma 2. Let S be a set of points in [0, 1]%

¥y eS,Ice® L., such that {7} is labeled
positive and S\ {7} is labeled negative

if and only if

VyeS,dacoordinate index ksuch thaty, > V . Wy
weS\ {¥}

Theorem 5. No set of n>d + 1 points in [0, 1% can be
shattered by €2,,, i.e. VC(€4,) <d.

Theorem 6. There exists a set of d elements which is
shattered by €%,.,1e. VC(%4,..)=d.

Combining the two theorems, we immediately find
that VC(€4ux) =d.

Turning to the poly-hy-fi, we can use the threshold
homomorphism and the duality between Boolean
AND/OR to transform the poly-hy-fi for ¥4, to one
for €%, In the general discussion in Section 3.3, swap
the words “positive”/“negative” and “minimum”
“maximum”, and replace “conjunction” by “disjunction”
and “x;} < 6,” with “x; = 8,”. The basic operations in
this algorithm are the same as its €5, counterpart,
so the computational complexity remains polynomial
[O(nd?)]. The correctness proof in Section 3.3 can also
be adapted using duality.

3.5. Learnability of thresholded k-min—max functions

A general thresholded k-min—-max function has the
form P(V ,T, > ), with T, denoting a min term of size
at most k (i.e. a minimum function with at most k
literals in its argument). This form is very suggestive
of the connection between thresholded k-min—max
function and thresholded monotone maximum func-
tion: the k-min—max function (V ,T,) is a maximum of
the uncomplemented min terms 7,. Using this ob-
servation, the evaluation of a thresholded k-min-max
function can be broken up into two parts—the first
step calculates the values of all min terms with size < k.
This can be considered a remapping of the input vari-
ables X into the set of min terms R = {r, = A ;15 < &b}
The min terms 7, will be elements of R. These are the
dependent variables of the thresholded monotone
maximum function that is evaluated in the second step:
P(V tnjra=1,"a = 0). Therefore, any thresholded k-min—
max function is equivalent to a thresholded monotone
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maximum function in a higher dimensional space. In
other words, we establish a mapping between the class
@Y inmax and a class of thresholded maximum func-
tions with a larger number of input variables (€'R,).
To illustrate the remapping idea, we shall use the

following thresholded min—max function

P(x; v (x5 A x3)>0). (18)

This function belongs to €3 min-max i€ the class of
thresholded min—max functions with three input vari-
ables and at most two literals in each of the min term.
Following the remapping scheme, we introduce a set
of new variables r, which are min terms of x,, x,, x5
with at most two literals. The new variables are listed
below.

4 =Xy, Ty =Xy, r3 = X3,

— ! N I
= X1y, r's = X2, Te = X3,

Fqp=X1 A Xy, rg=X; A X3, Fg =Xy A X3,

et _ ’ ! ’
Flo=X1 AXp T11=X1AX3, TFi2=X3AX,

W _ ’ ) ’
Fi3=X1 AX3, T1a=Xg AX3 Tis=X1 A X3,

’ ’ ’
Fle =X2 A X3, Fyq=2X3 AX3, TFig=X3 AX3,

Flo=X; AXYy, Fao=2XsAX)H, Fy;j=2X3AXj5
Exact numbering of the new variables is irrelevant
as long as all the possible min terms of size <2
are present. Note that the variables ;o through r;,;
are formed by taking the minimum of a variable
with its complement. This is because the expression
P(x; A x;> 0)is not always equal to 0. The second step
in the process entails the introduction of a thresholded
monotone maximum function that uses the r,’s as
input. For the thresholded function in (18), the new
function is P(V jq1,16r; = 0). Other functions in
@3- min_max can be expressed as a thresholded monotone
maximum function of 7. For example, P(((x} A X;) v
(x} A x%3)) = 6) can be expressed as P(rio v ry5 = 0).

Denote the number of variables in the remapped
vector ¥ by d’ = |R|. (In the example the dimension of
the new vector is d” = 18.) The parameter d' is a func-
tion of d and k. By a simple combinatorial argument,
one can easily show that the functional form is:

7 (21d> P (2:> <k(Qd} <4 (19)

!
where <p> —_P° _ isthe combination. The upper
q/ q'p—a)!

bound on 4’ is polynomial in the parameter d when k
is fixed.

Using the remapping idea, the domain of the k-min-
max functions X can be mapped to a subset of a
dimensional space X'. Also, any set of points S = X can
be mapped to §’ = X'. From this observation, we can
easily prove the following theorem.

Theorem 7. VC(€ . minmax) < VC(E2 ).
Proof. Consider a set S< X that is shattered by
G inmax- The size of S is VC(€4 min-mex)- Using the
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remapping procedure, this set can be mapped to S’ <
X’ which has the same number of elements. Moreover,
the output value of thresholded k-min-max function
¢(X) is the same as that of the thresholded monotone
maximum function ¢'(¥) after the remapping. There-
fore, if the set S is shattered by a collection of concepts
{c(X)EC Y min-max}» the set S” will also be shattered by
the remapped functions {¢'(F)e %4, }. Since the set S’
is shattered by %4,,, the VC dimension of this concept
class is bounded by the inequality

VC((gfr;ax) = |S’I = VC((gz»min max)
|

From Section 3.4, the V'C dimension of ¢, is d.
Also, using the upper bound on d’ in equation (19), we
get the following bound on VC(%4. nin_max)-

Corollary 1. VC( L pin-max) < (2d)* D,

Turning to the learning algorithm for €% ;- nax We
found that any thresholded k-min—max function be-
comes a thresholded monotone maximum function in
the new variables r,. Morcover, there are only a poly-
nomial number of remapped variables r,. Therefore,
the sequence of training data (X, I) can first be map-
ped into the new coordinates (77, IY). The result is fed
to the poly-hy-fi for €4,.. It will return a hypothesis
in the remapped variable, which can be converted back
to a thresholded k-min—max function easily by replac-
ing the coordinates r; by the corresponding minimum
function on X. Assuming unit time for computing a
comparison, the amount of time required by the re-
mapping step is at most ndd’ < nd(2d)** V. Therefore
the total time required by the algorithm is

ndd' + (nd' +nd’?) = (d + Ond' + nd’? < n{(d+ 1)2d)**
+ (2426 DY = O(n(2d)2* 1),

3.6. Difficulty of learning in the presence of noise

The proofs for learnability in the previous sections
hinges on the assumption that the training data can be
labeled without error by at least one function within
the concept class. Despite the intellectual clarity of the
PAC model, for practical applications we think this
condition to be too stringent, which led us to investi-
gate the possibility of finding polynomial time efficient
learning algorithms that can operate without this as-
sumption of consistency. In this more general setting,
it is still possible to obtain results that resemble the
PAC ones. Indeed, learnability of a concept class still
depends on the VC-dimension being polynomial
Blumer et al.2% This will provide a polynomial bound
on the number of training vectors. As for the learning
algorithm, instead of returning a hypothesis that has
zero training error rate, it should find a concept that
minimizes the training error.

Therefore, to show that €%, is learnable under this
general learning model, the natural step is to devise
minimum-error algorithm for the thresholded min—
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max functions. Unfortunately, it turns out that for the
thresholded monotone minimum functions this pro-
blem is NP-complete: one can show that the Minimum
Disjunctive Normal Form problem‘*" is a restriction of
minimum-error algorithm for ¢ . max

In the rest of the paper, we shall describe a LMS
(Least Mean Square) algorithm for training thresh-
olded min—max functions. The algorithm is a gradient
descent based approach and therefore not guaranteed
to find the best classifier. Nonetheless experience
shows that it performs quite well.

4. LMS ALGORITHM FOR TRAINING MIN-MAX
CLASSIFIERS

We start describing the LMS algorithm®? on a
general function. If X(¢) is the input vector to the
classifier at discrete time t = 1,2, 3,..., then the output
is z(t) = F(X(2); p(t)) where p(t) is a vector of para-
meters that together with F(-) determine the input—
output rule of the classifier. One is usually interested
in minimizing the mean-square error (MSE) of the
output z(n) and a desired process d(n),

& (1) = E[(z(t) — d(1))*].

Since we are dealing with binary functions z(t), d(f)e
{0, 1}, the mean square error is identical to the prob-
ability of error of the classifier. The mean-square error
is minimized using a gradient descent approach. At
each iterative step, the internal parameters 7'(f) are
changed along the direction so as to produce the
largest decrease in the MSE. This is achieved using the
iterative equation

P+ 1)=p)—uvs60) (20)

The gradient symbol V;&(¢) is equal to (34 /ép,,...,
08/0pg) if P =(p(,ps>-..,ps). The parameter p is the
convergence factor and is used to control the con-
vergence rate of the system. The main simplification of
the LMS approach is the replacement of the mean-
square error by the instantaneous error (). Therefore
Equation (20) is approximated by

Pt+1)=p ) —2uz(t) — d®)uVpz(t)  (21)

In this paper we shall be interested in using LMS for
supervised training of binary valued functions (i.c.,
functions whose output values are 0 or 1). Typically a
set of labeled examples are used to train the classifier.
The members of this training set are formed into a
sequence and presented to the LMS algorithm one by
one. The step variable n is the sample number within
the training data set. The desired process d(n) is the
actual label of the samples.

We shall state a few technical details before proceed-
ing. In Section 3.5, we proved the learnability of the
class of thresholded k-min-max functions. For the
LMS training scheme, it is more convenient to restrict
instead the total number of minima. Therefore in the
rest of the paper we shall use the class of thresholded
k-term-min—max functions. Another detail involves
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introducing the complemented variable x’ =1 — x. In
the discussion that follows, the minimum functions are
assumed to be monotone, i.e. the input variables are not
complemented. This presents no difficulty because we
can always remap a feature vector of dimension 4 into
one of dimension 2d which are composed of pairs of
uncomplemented and complemented variables. There-
fore from now on we shall assume this remapping is
performed and the input variables may be comple-
mented.

Equation (21) requires the gradient of the function
output with respect to the internal parameters, which
immediately raises two questions:

(1) How do we define the parameters for the thresh-
olded min—max function such that we can perform
differentiation?

(2) Since the output of the min—max function in-
volves nondifferentiable functions such as threshold-
ing and minimum, how do we find (or approximate)
the gradient of z(n) with respect to 7'(n)?

To answer the first question, we recall the functional
form of a monotone thresholded k-term min-max
function. If we denote the min-terms by h; and the
min—-max function by y, then (see Fig. 2)

hy= A xy j=1,2..,k
iely
k

y= \_/ hj

{1 y=0,

Z =

0 y<6.

The defining parameters include the threshold 6 and
the k coordinate sets I; over which the minima are
evaluated. Since the learning algorithm employs gra-
dient of the internal states, the states should be contin-
uous variables. This poses no problem for the thresh-
old 6. As for the coordinate sets I, which are in-
herently discrete variables, we adopt the approach
suggested in Salembier.!? For each I; we introduce d
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continuous real variables m;;i = 1,...,d. They control
the coordinate list in the following manner:

e x;isincluded in I;if m;; >0,
e Xx;is excluded from I; if m;; <O.

The parameters § and m;; are the only ones required
to describe a thresholded monotone k-term min—max
function. Hence, p(t) =(0(t),m,(t),...,my4(t),...,
my(t)). These parameters are also shown in Fig. 2.
Turning to the second question,!? provides implicit
formulae for the minimum and maximum functions.
Using these one can find a reasonable approximation
to the gradients.

We are now in a position to find the gradients
required in Equation (21). The derivative with respect
to 6 is easy. It follows from the definition of the thresh-
old function

z=U,(y—90) (22)

where U,() is the unit step function with two output
values defined as

1 if x>0,

U =
2 {o if x <0,

A strict forward calculation yields the derivative,

oz
Py o(y —0). (23)
For practical purposes the delta function in the above
equation is approximated using a finite impulse shown
in Fig. 3.

The parameter  controls the width of the pulse.
Using this approximation, one derives the approxi-
mate derivatives

if |y—0|<
o ) 3 if |y—0] <8, N
20 |0 otherwise. @9

To calculate the derivatives with respect to the para-

Minima

hl
X

Bi .
0&?;3 Threshold Maximum lelk Xd
/\r‘;—— Input
& values

Fig. 2. The connections between the different modules within a thresholded min—max function.
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Fig. 3. Approximations to the 5(x). The one on the left is used in the update equation for § while the other
is used for the maximum and minimum functions. f is a parameter to be specified.

meters m;;, one employs the chain rule:
0z 0z 3y oOh
0y Oh; Omy;

~ (25)
om;;

4.1. Derivative of maximum

The second term in equation (25) is the derivative of
the output of a maximum function with respect to one
of its inputs. It cannot be calculated using the explicit
form of the maximum function. To overcome this
difficulty, we used an implicit definition of the maxi-
mum function

k
G,
G(yahl!>hk): Z {U3(y_h])— 1} +7=0
= (26)

In this equation U;() denotes the unit step function
with three output values:

1 if x>0,
Us()={ L if x=0,
0 if x<O.

If y is equal to the maximum value of h,,...,h,, the
summation in (26) evaluates to G,/2, where G, is the
number of inputs k; that are equal to the output y. For
mathematical tractability this parameter G, is assumed
to be constant and independent of y and h;. To show
(26) implies y = V ¥_ h,, we note that the summation
term increases monotonically as y increases. So there
is only one unique value of y that satisfies the equality,
and that value is the maximum of the inputs.

To calculate the partial derivative dy/0h;, we use the
fact that the total derivative of G() with respect to h ;
is identically zero. Using the implicit functions
theorem and after some simplifications, one obtains

aG
oy _ oM 27)
oh,~  0G

oy

Using (26) the partial derivatives dG/6h; and 8G/dy can
be calculated as follows:

oG

= _8(y—h. 28

o, (y—1y) (28)
Turning to the other derivative, we have

G X

=2, 0y—h) (29)

dy =1

These two equations involve the delta function. For
our practical purposes we shall approximate them
using the finite pulse shown on the right of Fig. 3.
Whereupon after combining equations (27), (28} and
(29), we get the simple update equation

if 0<y—h,<
&y i O<y—h;<§

h; (0

max 30
otherwise. (30)

The parameter N, is defined as
A
N ax = number of ;s such that y— h; < (31)

k

= Z Uz(ﬁ"(y_hj))~ (32)

i=1

To conclude this section, we remark that the impiicit
formulation of maximum was also used in Salembier!?
for adaptive morphological filtering. There are some
differences between the formulation used in the refer-
ence from ours. First of all, we did not assume that
G, =1, which is the case in."? Another difference
regards equation (30) (the update equation): in,*?
N4y is taken to be 1 (a direct result of assuming
G, = 1); while in our case N,,, > 1. A direct conse-
quence is generally slower convergence for our algor-
ithm compared to.!? We also observed about a 5%
decrease in error rates by using our updated training
equations.
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4.2. Derivative of minimum

The third derivative in equation (25) now poses no
special difficulties. The output of the j-th minimum
function is

h.=

j= min {x;}

imij>0
Using the implicit formulation again, this equation can
be reexpressed as

L(hﬁxu--qxd,mu,-uamdj)

d
= 2 {Usmp[Us(x; —hp) =17} + % =0, (33
i=1
where L, denotes the number of inputs x; that are equal
to the output value ; and is assumed to be constant.
Again the update equation is independent of this con-
stant. Using the total derivative of L with respect to
m;; we immediately find the gradient of the output h;
with respect to m;;

oL
6mij _ 6(mij)[U3(xi - hj) —1]

ch;

6mij _EI: 2?=1U2(mlj)5(xl_hj)
ch;

J

if jmy| < fandh;=x,
min
~ 34
0 otherwise. 39
and
Noin 2 humber. of inputs such that m;; > 0 and

P —ml<B

d
= Z Uz(mlj)Uz(ﬁ —|x;— hjl)
1=1
We shall denote the training parameters for the mini-
mum modules by p,,;, [convergence rate in equation
(21)] and B, [approximate delta function width in
equation (34).]*

5. APPLICATION TO HANDWRITTEN CHARACTER
RECOGNITION

In this section, we shall describe the experimenta-
tion we did on handwritten character recognition using
the LMS algorithm described in Section 4.

As the outputs of thresholded min—max functions
are binary valued, we applied them to the task of
distinguishing between two types of handwritten
digits.

Our database consists of segmented and cleaned

* Salembier'® assumed L, =1 and hence also N,,, =1,
similar to the situation for maximum. Since Ny =1, our
update equation will generally converge slower. We also
found that our equations produced about a 5% decrease in
error rates.

t This database was supplied by Dan Bloomberg of Xerox
PARC.
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handwritten digits.¥ Samples of digits we used are
shown in Fig. 4. The size of each digit is around 50 x
50 pixels. Three different sets of data were used in our
experiments. In increasing order of difficulty: the first
set consisted of 0’s and 1’s, the second set 0’s and 6,
and the third 6’s and 8’s. The training set consists of
600 samples of each type giving a total of 1200 digits,
while the test set consists of 200 samples of each for a
total of 400 test digits.

5.1. Feature extraction

The two types of features that we used are the
morphological shape-size histograms and Fourier de-
scriptors, described respectively in sections 5.1.1 and
5.1.2. Fourier descriptors have been used in character
recognition before [for example, see?3:2#'7]. Ideas simi-
lar to the shape-size histogram was employed in Trenkle
et al.®® The feature they employed is based on size
distribution of the x or y border signals of the char-
acter. However, our feature is based on multiscale
smoothing of the two dimensional image.

5.1.1. Morphological shape-size histogram. A cen-
tral theme in object recognition is the problem of
multiscale shape representation. In morphological image
analysis, an important tool for multiscale shape re-
presentation is the shape-size histogram %29 [also
called “pattern spectrum™?®7. The direct application
of this shape descriptor to character images is not,
however, desirable: experience shows that the shape-
size histogram is sensitive to the thickness of the stroke,
the actual size of the image, and also to rotation.
Therefore, the normalization procedure described in
references (27) and (28) was employed to reduce the
fluctuation in feature values due to these factors. It
includes the following steps:

(1) The character image is dilated { by a 3 x 3 pixel
square to fill up small gaps. The image is then thinned
using a procedure described in Bloomberg.*® The
basic thinning operation in the algorithm is

I\ U (TOA4)n (IO B)).

Basically, the set difference (\) removes the boundary
of the character while still preserving four connectivity
of the foreground. For details about the structuring
elements S, = (4;, B;) we employed.?” In each step of
the thinning algotithm, the image is thinned using S,
and their rotated versions. This is repeated under con-
vergence (i.e. no change in the image).

1 Representing the foreground of a binary image by a set I
(and its background by I¢), then three basic morphological
operators are:

erosion: IOB={z:z+bel forall be B},
dilation: I®B = {x+b:xel and beB},
closing: /@ B=(I®B)®B.

The set B in the above expressions is called the structuring
element.
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Fig. 4. Sample data from the handwritten database. (a) A collection of 0. (b) A collection of 1Is. (c) A
collection of 6’s. (d) A collection of 8’s.

(2) Next we calculate the area functions A[I enB]
forn=0,...,N,, where

nB=B®---@B forn>1;, 0B={(0,0)}

are multiscale dilations of a unit-size convex set B. For
discretized images, the area count is equated to the
number of pixels. The maximum size N, is determined
by the relative size of the image with respect to the
structuring element B: suppose the dimension of the
bounding box of the image I is i,, x i,, and that for the
structuring element b,, x b,; then

Ny=max(i,—b,, i, —b,).

In order to fit this information into a feature vector of
size M, we resampled the area function:

A'(m) = A(Io[mj:;"JB) for m=0,..., M (35)

where the floor function (] @ ]) equals the largest in-
teger < its argument.

(3) Finally, the normalized shape-size histogram is
calculated via the following equations:

1
NSHj(m,B)= %(A'(m + 1)~ A'(m)),
form=0,...,M—1 (36)

The quantity .# is the area of the maximally closed
image.

Examples of normalized shape-size histograms are
shown in Fig. 5.

If insensitivity to rotation is also desired, one can
use the radial size histogram (called “Oriented Pattern
Spectrum™).?9 It replaces the closing by a 2-D element
B with an intersection of closings by the four directed
vectors { -, 7,1, ~ }. In finding the parameter N, (the
maximum closing size), the bounding box is allowed a
45° shear in either directions. This feature was also
employed in our experiments. Examples of this feature
are also shown in Fig. 5.



892

. Normalized radial size
Digit .
histogram
04 "-

ol

P.-F. YANG and P. MARAGOS

Normalized shape-size

histogram (2 x 2 square)

06T

0s {

04t

03T

021

014
o1 4
/] 4 8 12 16 0 4 8 12 16
LER 061
05 T
034
04 J
l 0zt 03+
02 1
0.1
01 4
" . . ‘ : . —
4 ——
0 4 8 12 16 0o 4 8 12 16
04 1 06
{ 05
031
04
02 03
02
01
01
. 4 ' H f . A
0 4 8 12 16 0 4 8 12 16
04T 06
05
03¢
04
o2t 03
02
01
o1
: . + . . +
{ + 4 ¢ I — ¥ + +
0 4 8 12 16 0 4 8 12 16

Fig. 5. Samples of handwritten digits together with morphological shape-size histograms features extracted
from them. The center column are normalized radial size histograms, while the rightmost column are
normalized shape-size histograms calculated using a 2 x 2 square.

5.1.2. Fourier descriptors. We employed the Four-
ier descriptor discussed in reference (30). It provides a
representation for the outer boundary of the character
image. This shape descriptor is independent of transla-
tion and rotation of the curve. To calculate the Fourier
descriptor we first preprocessed the image using the
same procedure (gap filling and thinning) as in Section
5.1.1. Then the boundary of the discretized image is
traced using a standard eight-connectivity chain code
algorithm.®? The output of this algorithm describes

an m-sided polygon with sides of length 1 or ﬁ;from
which the following Fourier coefficients are calculated:

, forn=12,...

i 2znl;

Y Aquexp(i nn1>
L
(37
j
L= Y Al (38)
k=1

In the above equations A¢; denotes the amount of
change in direction at vertex j as we transverse the
chain code; and Al, denotes the length of the edge

between vertices k — 1 and k (vertex m is the same as
vertex 0). The total length of the polygon is L. We



Min-max classifiers: learnability, design and application 893

remark that the amplitude |c,| is also independent of
the initial vertex of the polygon.

Since the input to the threshold min—max functions
has to be restricted to a range of [0, 17, the coefficients
Jc,| are divided by the factor (372 IA¢jI/2n). It is easy
to see that the normalized coefficients FD(n) are within
the desired range:

,2mnl;
> Te1Ag exp| —i

L
”Z}"=1|A¢j|

Examples of the Fourier descriptors are shown in
Fig. 6.

0<FD(n)=

5.2. Experimental results

In this section we shall provide the results of apply-
ing the LMS training algorithm described in Section 4.

In our experiments, we used the LMS algorithm in
a “per-sample” mode operation. This means that train-
ing and testing are separated into two distinct stages.
During each iteration of training stage, the defining
parameters in the min—max function are updated with
the LMS rule after presentation of each training vec-
tor. After the entire training data set is stepped through,
the error rate of the current classifier is calculated. In
our particular implementation, the training program
performs a fixed number of scans through the training

Normalized Fourier descrip-

Digit
tor
02T

02T

01+

T

0 4

Fig. 6. Samples of handwritten digits together with Fourier descriptors calculated using the outermost
boundary found by an eight connectivity chain code. See Section 5 for more details of these features.
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set (200 is the value we used), and returns the classifier
that achieved the lowest error rate within the 200
scans. This classifier is then used to calculate the error
rate on the test rate. For each training parameter
setting, the training program was run on 15 different
initial settings of m,; which are generated randomly.
The error rates reported are averaged over settings
that achieved the five lowest test error figures. The m;;
parameters for the minimum gates were initialized
using a random number generator. We found that
convergence depended quite critically on the initial
value of the threshold 8 and therefore it is not ran-
domly generated. It is initially set to some value close
to 0.5, since the means of the data are shifted to.0.5.

In the first set of experiments, we compared the
performance of the min—max classifiers to feed-for-
ward preceptron-based neural networks trained with
back propagation.®? Three different sets of data were
used. In increasing order of difficuity: the first set
consisted of 0’s and 1s, the second set 0’s and 6’s, and
the third 6’s and 8’s. For each digit we extracted 20
components of shape-size histogram and 20 com-
ponents of normalized Fourier descriptors forming
feature vectors of 40 components. Two types of shape-
size histograms were used in the experiments. The first
one is the normalized radial size histograms. The other
kind is NSH7(m, B) (see Section 5.1.1) with the structur-
ing element B a 2 x 2 square. After the features were
extracted we shifted the mean for each component to
0.5. This preprocessing step was needed because the
values of the features tend to have small values < 0.5
and the complemented variables will not be used other-
wise. The shifted values were then rescaled in order to
preserve the range [0, 1]. Typical training parameter
setting is By = 0.1, o = 1072, Bx = 1073, 1,0 = 1076
and B,..=10"%

Turning to the neural networks; only two layer nets
were used in order to provide fair comparison with the
min-max classifiers (the maximum and minimum gates
correspond to different layers in a neural network).
There was one node in the output layer—an output

P.-F. YANG and P. MARAGOS

value of >0.9 is treated as a positive sample while
those < 0.1 negatives.®® Again we used fifteen initial
conditions for the back propagation algorithm, and re-
ported averages of errors from the five best runs. A
“per-sample” update scheme was used (the weights and
thresholds are updated after presentation of each train-
ing vector). Finally, a momentum term was included
in the update equation. Typical training parameters
are u (convergence rate)=0.7 and momentum 0.2.
Section 5.2.1 contains the results for the first set of
experiments.

In the second set of experiments, we investigated the
importance of each type of feature for good classifica-
tion. Three different sets of feature vectors were extrac-
ted from the database consisting of 0’s and 6’s. They
are

(1) 20 components of normalized radial size histo-
gram plus 20 components of normalized Fourier de-
scriptors. (Same as previous experiments.)

(2) 40 components of normalized radial size histo-
gram,

(3) 40 components of normalized Fourier descrip-
tors.

These features were also preprocessed (shifted and
scaled) as described previously. The results are detailed
in Section 5.2.2.

5.2.1. Comparison of min—max classifier with neural
networks. The results for 0’s and I's are shown in
Table 1. The results generated using normalized radial
size histogram with Fourier descriptors are shown in
the top two tables. Typical error rates for the min—max
classifiers are 0.083%, on the training data and 0.25%,
on the test data, which amounts to 1 error in the
training data set and 1 in the test set. The neural
networks were able to achieve no error on the test data
set. These results are very encouranging, the min—max
classifiers achieved error rates which are essentially the
same as that generated by the neural networks. The
error rates deteriorated if the radial histograms are

Table 1. Results for 0-1 classification problem employing both shape-size histograms and Fourier descriptors

Distinguishing 0’s and 1’s
Normalized radial size histograms and Fourier descriptors

Min~max Neural network
No. of %, error %, error % error % error
minima (train) (test) Network (train) (test)
1 0.083 0.25 1,1 0.083 0
3 0.083 0.25 3,1 0.083 0
5 0.1 0.25 51 0.083 0
7 0.083 0.25 7,1 0.083 0
Normalized shape-size histograms with 2 x 2 square and Fourier descriptors

1 3.867 2.6 1,1 0.633 1.2
3 1.9 2.8 3,1 0.633 0.85
5 1.083 3 51 0.567 0.8
7 1.733 3 7,1 0.533 0.55

The top two tables are generated using normalized radial histograms and Fourier descriptors, while the lower two using
normalized shape-size histogram with 2 x 2 square and Fourier descriptors.
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replaced by the 2 x 2 square histograms, This is be-
cause the 2 x 2 square histogram is detecting the notch
in the digits written like 1.

Besides comparing the error rates, another attribute
that is of interest is the speed of convergence of the
training algorithms. Typical convergence plots of the
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LMS algorithm and the back propagation algorithm
on data set (I) are shown in Fig. 7. The graphs show
the error rate on the training data set as a function of
the number of scans. (The error rate is computed after
each scan of the entire training sequence.) The plots
terminate after the minimum error rate is found. Judg-
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g 08 4 — Smmfma
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Fig. 7. Comparison of the convergence rate of min—max classifiers trained via LMS algorithm versus neural

networks trained via Back. Propagation algorithm. The feature vectors are normalized radial size histograms

with Fourier descriptors, extracted from the training data set of 0°s and I’s. The curves are terminated after

the minimum error rate are achieved. (a) Typical convergence plots for the LMS algorithm. The minimum

error rate (09) is attained within 40 scans. (b) Convergence plots for the Back Propagation on the same

data set. After 40 scans the typical error rate was 2%. The minimum error rate (0.083%) was achieved around
400 scans.
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ing from these plots, we see that a clear advantage of
the LMS algorithm over the back propagation algo-
rithm is the speed of convergence. Typically only 40
scans is required befose the minimum training error is
reached whereas for the Back Propagation ten times
more scans are required. Another advantage we found
in running the programs is that the min—max classifier
required less execution time: computing a min—-max
function requires only binary comparisons; while neural
networks require the calculating the computational
costly multiplications and the exponential functions.
The results for the second set of experiments (0’s and
6’s) are shown in Table 2. For the min—max classifiers
the test error rates were around 1%, smaller by 0.5%
of that attained by neural networks. In Table 2(b), the
normalized radial size histograms were replaced by

2 x 2 square histograms. The error rates have increased
by using the latter set of features. Notice also that the
min—max classifiers have lower training and test error
rates than the neural networks.

Finally, the results for the third set of experiments
(6’sand 8’s) are shown in Table 3. In the top two tables
the features are normalized radial size histograms with
Fourier descriptors. The best test error rates for min—
max classifiers are around 16%, smaller by 4% of the
best value attained by neural networks. In Table 3(b)
the radial histograms were replaced with 2 x 2 square
histograms, resulting in about 50%, drop in both train-
ing and test error rates.

5.2.2. Comparison of different features. In this set of
experiments we compared the error rates obtained

Table 2. Results for 0-6 classification problem employing both shape-size histograms and Fourier descriptors

Distinguishing Qs and 6’s
Normalized radial size histograms and Fourier descriptors

Min-max Neural network

No. of %, erroxr % error %, error % error
minima (train) (test) Network (train) (test)
1 1.783 1.35 1,1 1.517 1.5
3 2.283 1.15 3,1 1.567 1.5
5 2.25 1 51 1.517 1.5
7 2.267 0.85 7,1 1.517 1.5

Normalized shape-size histograms with 2 x 2 square and Fourier descriptors
1 3.35 2.7 1,1 4.6 2.65
3 3.35 1.65 3,1 49 2.65
5 3.233 1.65 5,1 4917 2.35
7 3.083 19 7,1 4.65 2.1

Table 3. Results for 6-8 classification problem employing borh shape-size histograms and Fourier descriptors

Distinguishing 6’s and 8’s
Normalized radial size histograms and Fourier descriptors

Min-max Neural network

No. of % error %, error % error 9, error
minima (train) (test) Network (train) (test)
1 16.767 17.7 1,1 49.867 49.55
3 14.283 15.4 3,1 22.517 20.5

5 15.35 15.5 5,1 184 18.15
7 15.35 16.85 7,1 19.55 18.2

Normalized shape-size histograms with 2 x 2 square and Fourier descriptors

1 8.95 11.75 1,1 19.95 17.85
3 8.55 11.6 3,1 15.567 139

5 10.233 11.55 5,1 15217 14.25
7 11.35 11.85 7,1 15.25 13.55

Table 4. Results for 0-6 classification problem using only normalized radial size histograms
Distinguishing 0’s and 6’s (only radial size histogram)
Min-max Neural network

No. of % error % error % error %, error
minima (train) (test) Network (train) (test)
1 2.283 1 1,1 2.167 1.65

3 2.1 2.1 3,1 2.05 13

5 1.933 2 5,1 1.967 1.2

7 2.067 2 7,1 1.967 1.15
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Table 5. Results for 06 classification problem using only normalized Fourier descriptors

Distinguishing 0’s and 6’s {only Fourier descriptors)

Min-max Neural network
No. of 9% error % error % error % error
minima (train) (test) Network (train) (test)
1 4.75 4.85 1,1 4.117 3.05
3 32 2.35 31 3.567 3
5 3.133 225 51 3.333 24
7 3.133 2.1 7.1 3.267 245

using different sets of features. Table 4 shows the
results for using only normalized radial size histo-
grams while Table 5 with only Fourier descriptors. In
both cases the test error rates for the min—max classif-
iers showed approximately a factor of 2 increase in the
error rate for the min—-max classifiers for using only
one type of feature versus the using the mixed set. The
error rates for using only shape-size histograms were
about the same as using just Fourier descriptors. In-
creases in the error rates for the neural networks were
also observed. Therefore it is beneficial to include both
types of features instead of using just one.

6. CONCLUSION

In conclusion, we have introduced the class of min—
max classifiers which are lattice-theoretic generaliza-
tions of the Boolean functions. The main theoretical
results we proved was the learnability of three sub-
classes of these functions under the PAC model of
machine learning. This was achieved by demonstrating
both polynomial time learning algorithms and poly-
nomial bound on the number of training samples re-
quired. For the practical training of min—max classi-
fiers we introduced an LMS algorithm. This training
algorithm was then applied to the problem of hand-
written character recognition; which demonstrated very
good performance in our experiments. Comparison
with feed forward neural networks trained with back
propagation highlighted the advantages of min—max
classifiers trained via the LMS algorithm; which in-
clude the simplicity of the min—max classifiers, and the
faster speed of convergence of the LMS training algo-
rithm, while achieving similar (or a few times) smaller
error rates. Both the LMS and back propagation algo-
rithms are used in a “per-sample” update mode so
that the comparison is made on common grounds.
While it is possible to speed up the back propagation
by various techniques (see, for example, Xu et al.,®¥)
most of them do rely on improving the basic gradient
descent scheme. The same techniques can therefore
also be applied to speed up the basic LMS algorithm
presented in this paper.

The experimental results on handwritten recogni-
tion provides evidence on the practical utility of the
min-max classifier. Future work with min—max clas-
sifiers is their further development for practical use.
First of all, practical character recognition systems
employ rejection schemes to reduce error rate by re-

jecting uncertain input patterns. One way to incor-
porate rejection into the basic thresholded min—max
function is to use two different thresholds 0,,,., and
O1ower; a0 input vector is classified as a positive instance
if the min—max function value ( f(X)) is higher than
Oupper negative if lower than 6.y, Otherwise it is
rejected. These two values can be selected to be some
value away from the trained threshold 8 so that a
desired error rate is achieved, i.e. set 8,,,,., = f + A and
Oiower = 0 — A; choose A so that a desired error rate is
achieved.

The next natural step for the development of a full
fledged character recognition system is to generalize
the min—max classifiers for arbitrary number of clas-
ses. Work in this direction is reported in Yang,*®
where a multiclass min—max classifier is constructed
by associating with each class in the problem the fol-
lowing min-max function:

FX)=V A L+w,

., lie{xb _xi}'
j oiely

An input feature vector is classified according to which
min—max function has the highest output. The addi-
tive weights (w;) and the dependent parameter list (1)
are trained using an LMS algorithm similar to the one
described in Section 4. This architecture resembles a
feedforward neural network for multiclass classifica-
tion problems, in which one output node is associated
with each output class and classification is done by
comparing the output at these nodes. Moreover,with
this “winner-take-all” scheme, it is more natural to
incorporate a rejection criterion in the multiclass min—
max classifier—the output of the min—max functions
can be interpreted as the probability that the input
belongs to the corresponding classes; if the top score is
not significantly larger than the rest then the input data
is rejected. We note that this is the usual procedure used
in neural networks for rejecting input data. An LMS
algorithm was also derived or training the multiclass
min—max classifier. This was applied to the classifica-
tion of handwritten digits (all 10 classes). The multiclass
min—max classifier was found to be able to achieve error
rates comparable to traditional feedforward neural net-
works.
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